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ABSTRACT

Neutrino oscillation due to mass eigenstate mixing has become the standard theory

accounting for both solar and atmospheric neutrino data. This explanation indicates that

neutrinos have small but non-vanishing masses, which is a sign of new physics beyond the

Standard Model. In this dissertation, we will compare the standard explanation with three

types of alternative theories using Super-Kamiokande (SK) atmospheric neutrino data.

The first type of non-standard theory involves sterile neutrinos. By using the neutral

current enhanced data samples of SK and by considering matter effect, we conclude it is

unlikely that sterile neutrinos are responsible for SK atmospheric neutrino zenith angle

distributions. Furthermore, we study the allowance of sterile neutrino admixture in atmo-

spheric neutrino mixing and find an admixture of 23% sterile neutrino is allowed at 90%

confidence level based on a 2+2 mass hierarchy model.

The second type of non-standard theory involves neutrino oscillation induced by vio-

lations of Lorentz invariance (LIV) and CPT symmetry (CPTV). The neutrino oscillations

induced by the temporal components of the LIV and CPTV terms in the minimal Standard

Model Extension (SME) have different energy and pathlength dependences compared to

the standard oscillation. Our analysis indicates that it is unlikely to explain SK atmospheric

neutrino data with the oscillation effects induced by the temporal components of the min-

imal SME separately. By treating LIV- and CPTV-induced oscillations as sub-dominant

effects, limits on symmetry-breaking parameters are established.
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The third category of non-standard theory involves vanishing neutrinos caused by neu-

trino decoherence and neutrino decay. Our study shows that it is unlikely to explain SK

atmospheric neutrino zenith angle distributions using these two non-oscillatory models.

By treating them as sub-dominant effects, limits on these two types of new physics are set

based on several specific models.

Our study shows that the oscillation between muon neutrinos and tau neutrinos is the

best model explaining SK atmospheric neutrino data among the models we test. In most

cases, limits on new physics established in this study using SK atmospheric neutrino data

are the best currently available.
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Chapter 1

Introduction

Neutrinos were first postulated by W. Pauli in December 1930 [7] to explain the continuous

energy spectrum of electrons from nuclear β decay. Ever since then, physicists have been

performing different experiments and proposing many kinds of theories to explore and to

explain the behavior of this “ghostly” particle.

In this chapter, we will first briefly go through the history of neutrinos. Then, after

introducing neutrino mass theories and experimental results, we will talk about the phe-

nomenology of neutrino mixing and neutrino oscillation.

1.1 A brief history of the Standard Model neutrinos

Twenty-six years after W. Pauli postulated neutrinos, in 1956, they were detected by

F. Reines and C. Cowan [8]. The neutrinos they detected were anti-neutrinos of elec-

tron type from nuclear reactors. In the following year, M. Goldhaber, L. Grodzins and

A. W. Sunyar experimentally deduced that neutrinos are always “left-handed” [9]. In 1962,

J. Steinberger, M. Schwartz, L. Lederman and their collaborators found a new kind of neu-

trino and confirmed that neutrinos actually have different flavors [10]. The new neutrino

1
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they found was of muon type since it was always associated with muon creation or decay.

In 1975, a group of scientists led by Martin L. Perl found a new kind of lepton, τ ,

at Stanford Linear Accelerator Center (SLAC) [11]. This is the first member of the third

generation of the Standard Model (SM) and the discovery strongly suggested the existence

of the tau type neutrino ντ . Though tau neutrinos were not directly detected until 2000 at

the DONUT experiment in Fermilab [12], people have not doubted their existence.

In late 1980’s, by measuring the invisible decay width of the Z 0 produced in the e+e−

collider LEP, particle physicists confirmed there are only three generations of light active

neutrinos [13].

In the Standard Model, neutrinos are spin half and left-handed (right-handed for an-

tineutrinos) fermions, and they only participate weak interaction. The results from collider

experiments indicate neutrinos only have three different flavors. The absence of right-

handed neutrinos suggests that neutrinos are massless since right-handed neutrinos are

needed by the mass term in the Lagrangian.

1.2 Neutrino mass

Although the Standard Model considers neutrinos as massless particles, the experimental

efforts to measure their masses have never stopped since the postulation of neutrinos. How-

ever, all the measurements so far are consistent with zero. The current best limit from di-

rect measurements comes from the tritium β decay experiments at Mainz and Troitsk [14].

Their sensitivity reaches around 2 eV/c2. The first experimental support for non-zero neu-

trino masses came from the discovery of neutrino oscillations [15]. We will discuss the

phenomenology of neutrino oscillations briefly in the next section.

Due to neutrino mixings, the masses measured in β decay experiments are effective

masses which have contributions from all three mass eigenstates and three mixing angles.
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The next generation direct measurement experiment Karlsruhe Tritium Neutrino Exper-

iment (KATRIN) expects to enhance the sensitivity by one order of magnitude down to

∼ 0.2 eV/c2 [16]. There are also indirect constraints from cosmological large scale struc-

ture measurements, which are sensitive to the sum of all the neutrino masses [17, 18]. By

combining the Wilkinson Microwave Anisotropy Probe (WMAP) measurements on the

anisotropies of the cosmic microwave background (CMB) and the Sloan Digital Sky Sur-

vey (SDSS) data on galaxy clustering properties, Tegmark et al set a limit of
∑

mν <

1.7 eV at 95% confidence level [19]. This limit can be improved further down to 0.42 eV

by including weak lensing, Lyα forest, and supernovae data [20].

Theoretically, we can give neutrinos masses by doing some extensions to the Standard

Model. Basically, there are several ways [21, 22]. The standard approach is that neutrino

masses come from the interaction with Higgs field, just like other fermions in the Standard

Model (SM), the neutrino mass term reads as:

LD = −(ν̄Lm†
DνR + ν̄RmDνL). (1.1)

Where mD = Yν < H > is the Dirac mass generated by interacting with the Higgs field

H and Yν is the coupling constant. This requires the presence of right-handed neutrinos νR

which must be sterile, i.e. they do not interact with matter. However, it is rather unnatural

that the coupling of neutrinos with the Higgs field Yν must be extremely small compared

to other fermions due to the smallness of neutrino masses.

Neutrinos have zero conserved charges (electric and color), which gives the possibility

that neutrinos could be Majorana particles, i.e. neutrinos and antineutrinos are the same

particles. A Majorana mass term can be written as− 1
2mψ̄ψ for a Majorana spinorψ, where

ψ is self-conjugate: ψ = ψc. This possibility gives rise to a very elegant and natural way

to generate the smallness of neutrino masses: “seesaw mechanism” [23, 24, 25, 26, 27].
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Using the charge conjugate fields νc
L and νc

R, ν̄RνL can be rewritten as 1
2(ν̄RνL + ν̄c

Lνc
R)

and ν̄LνR can be rewritten in the similar way. Then, the Lagrangian term has both Dirac

masses and Majorana masses can be written as [28]:

Lseesaw = −1

2
(νc

L νR)




mL mT

D

mD MR








νL

νc
R



 + h.c.

Where mD is the Dirac mass matrix, mL is the Majorana mass matrix of left-handed neu-

trinos and MR is the Majorana mass matrix of right-handed neutrinos. Seesaw mechanism

can be best explained in a case with just one family of neutrinos. Further, let us assume

mL = 0 and MR $ mD. We have a 2 × 2 mass matrix

M =




0 mD

mD MR



 .

This matrix has two eigenvalues, given approximately by MR and −m2
D/MR. Though mD

is naturally at the scale of charged lepton masses, a tiny neutrino mass of scale ∼ m2
D/MR

can still be generated since MR $ mD.

1.3 Neutrino mixing and oscillation

Along with the early discoveries of neutrino physics in 1958, Pontecorvo proposed the

possibility that neutrino and antineutrino might oscillate in a way resembling the K 0 −K0

system [29]. In 1962, after the discovery of the muon neutrino flavor, Maki, Nakagawa

and Sakata proposed that if neutrino mass eigenstates do not coincide with neutrino fla-

vor eigenstates, then mixing will happen, which will cause oscillation phenomenon of the

sort we discovered with Super-K [30]. In 1968, Gribov and Pontecorvo in Ref. [31] pro-
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posed neutrino oscillation as a solution to the solar neutrino deficit problem discovered

by R. Davis et al [32, 33]. Super-Kamiokande provided strong evidence of atmospheric

neutrino oscillations in 1998 [15] and long baseline neutrino experiments K2K and MI-

NOS have consistent results with Super-Kamiokande [6, 34]. Solar and reactor neutrino

experiment data are also explained by neutrino oscillations [35, 36].

In the case of three flavors, the mass eigenstates and the flavor eigenstates are con-

nected by an unitary matrix UPMNS,





νe

νµ

ντ




= UPMNS





ν1

ν2

ν3




,

where the mixing matrix UPMNS is generally expressed in three mixing angles, θ12, θ23,

and θ13, and a phase term δ,

UPMNS =





1 0 0

0 cos θ23 sin θ23

0 − sin θ23 cos θ23









cos θ13 0 sin θ13e−iδ

0 1 0

− sin θ13eiδ 0 cos θ13





×





cos θ12 sin θ12 0

− sin θ12 cos θ12 0

0 0 1





Based on the results from Chooz and Palo Verde experiments, θ13 is very small, less than

0.16 at 90% C.L. [37, 38, 39] and the scale of the solar mass-squared splitting is several

orders of magnitudes smaller than the atmospheric one. So, for most experiments, two-
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flavor mixing analysis is sufficient.

1.3.1 Two-Flavor oscillation in vacuum

Let’s study the νµ − ντ mixing case:




νµ

ντ



 =




cos θ sin θ

− sin θ cos θ








ν2

ν3





In the relativistic limit, which applies to most cases due to the small masses of neutri-

nos, the dispersion relation could be written as E = p + m2/2p. Assuming the two mass

eigenstates have the same momentum, the Hamiltonian of the system is:

H =




p + m2

2
2p 0

0 p + m2
3

2p



 . (1.2)

What are produced and detected in experiments are weak interaction, i.e. flavor eigen-

states. If a neutrino is produced at time t = 0, after time t, the wave packets will be at a

flavor eigenstate: |ψ(t)〉 =
∑3

i=2 φi(t)|νi〉. And the evolution equation is:

i
d

dt




φ2(t)

φ3(t)



 = H




φ2(t)

φ3(t)



 , (1.3)

where φi(0) = Uαi, α = µ or τ depending the initial flavor state of the experiment. The

solution to Eq. 1.3 is:




φ2(t)

φ3(t)



 = e−iHt




φ2(0)

φ3(0)



 .
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For the atmospheric neutrino case, if a νµ with energy E was created in the upper

atmosphere, after traveling a distance L, the system is in the following state:

|ψ(t)〉 = cos θei∆m2L/2E |ν2〉 + sin θe−i∆m2L/2E|ν3〉,

where ∆m2 = m2
3 − m2

2, assuming m3 > m2. We have applied approximations E ' p

and L ' ct during the derivation. Then the probability we find it still in the muon neutrino

state, i.e., the survival probability is,

Pνµ→νµ = |〈νµ|ψ(t)〉|2 = 1 − sin2 2θ sin2 ∆m2L

4E
, (1.4)

1.3.2 Two-flavor oscillation in matter

In the previous section, we derived the neutrino survival probability due to mass eigenstate

mixing in the vacuum. However, when neutrinos propagate in matter, if different interac-

tion states have different forward scattering potentials due to the different interactions with

the medium, then the Hamiltonian is different from Eq. 1.2, thus the survival probability

formula is modified. This phenomenon is called matter effect and it was first pointed out

by L. Wolfenstein in [40, 41].

Among the three SM flavors, the matter effect only exists between the mixing of νe and

νµ or νe and ντ for media containing electrons, which give νe’s an extra forward scattering

potential due to the extra charged current interaction. The neutral current interaction is the

same for all three flavors. However, if there are new flavor eigenstates, say sterile neutrinos,

which we will discuss in later chapters, their interactions with matter are different from

the SM interactions, and there will also be matter effects between them and the three SM

flavors.
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Without losing generality, we study a two-flavor case here: the mixing between two

interaction eigenstates α and β, the mass eigenvalues are ma and mb (mb > ma and

∆m2 ≡ m2
b −m2

a), and the mixing angle between them is θ. Let us assume the interaction

eigenstate α gains an extra forward scattering potential ζ in the medium considered, then

the Hamiltonian becomes (in the previous section, we see that pI2×2 plays no role in the

final results so we omit it from the Hamiltonian. Also we will apply p ' E and x ' ct

from now on:

H =




m2

a
2E 0

0
m2

b
2E



 +




cos θ − sin θ

sin θ cos θ








ζ 0

0 0








cos θ sin θ

− sin θ cos θ



 . (1.5)

If ζ does not depend on time, by diagonalizing this Hamiltonian, we can solve the evolution

Eq. 1.3.

Suppose we obtain two eigenvalues: M2
2

2E > M2
1

2E , by diagonalizing H in Eq. 1.5, we can

calculate the effective mass-squared splitting ∆m2
M and the effective mixing angle θM in

matter:






∆m2
M = M2

2 − M2
1 = ∆m2

√
(cos 2θ − 2Eζ

∆m2 )2 + sin2 2θ

sin 2θM = sin 2θ ∆m2

M2
2−M2

1
= sin 2θq

(cos 2θ− 2Eζ
∆m2 )2+sin2 2θ

.

However, in the medium with varied density, which means ζ is time dependent, the

analytical results above are not valid any more. In this case, we can divide the neutrino

trajectory into different sections, x1, x2, ..., xn, approximating each small section with a

constant densities and calculate the survival probability by evolution method:




φa(x)

φb(x)



 = e−iHnxne−iHn−1xn−1 · · · e−iH1x1




φa(0)

φb(0)



 , (1.6)
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which form a flavor state |ψ(x)〉 =
∑b

i=a φi(x)|νi〉, and the probability finding flavor α is

Pα = |〈να|ψ(x)〉|2 [42].

1.4 Beyond neutrino oscillation

Recently, mass eigenstate mixing induced neutrino oscillation has become the standard

theory accounting for the solar, atmospheric and long baseline neutrino experiments. How-

ever, there are other alternative theories which can also induce neutrino oscillations or can

cause effects similar to some of the experimental observations.

Mass eigenstate mixing induced neutrino oscillations are basically due to the fact

that different mass eigenstates have different energies for the same momentum: Ei =

pc + p2/2mi. Thus, in principle, any theories which can modify the dispersion relation

to meet this condition can induce neutrino oscillations, such as Fermi point splitting [43],

violations of Lorentz invariance (LIV) and CPT (CPTV) [44, 45].

Besides the non-standard theories which can induce neutrino oscillations, there is also

another category of alternatives which can cause neutrino vanishing instead of oscillation,

for example, neutrino decoherence [46, 47, 48, 49, 50] and neutrino decay [51]. Some

models based on these theories can also explain some experimental data quite well.

Whether these non-standard effects can explain neutrino experiment data is certainly

worth investigating. On the other hand, these alternatives are new physics beyond the

Standard Model and testing them is of many theoretical importance. Atmospheric neutrino

data, as we will introduce later, cover a wide range of energies, pathlengths and matter

densities, will prove to be a powerful tool to explore new physics.

In the following chapters, we will introduce atmospheric neutrinos, the Super-Kamiokande

experiment with which we do the observation, present the studies on mass-induced neu-

trino oscillations, introduce some of the alternative theories and test their plausibility and
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allowed limits based on the current data.



Chapter 2

Atmospheric Neutrinos

In the neutrino oscillation section of Chapter 1, we showed that neutrino oscillation proba-

bility basically depends on two kinetic variables: the energy and the pathlength. Naturally,

we also need the flavor information. We will briefly introduce the properties of atmo-

spheric neutrino fluxes from these three perspectives. One fact needs to be pointed out is

that the neutrino flux presented here is calculated before considering the neutrino oscilla-

tion effect and except for the general principles, the values are for the Super-Kamiokande

site only, since the flux is affected by the geomagnetic field.

2.1 Primary cosmic rays

Atmospheric neutrinos are produced in cosmic ray interactions in the upper atmosphere.

Thus, the atmospheric neutrino flux is a convolution of the primary cosmic ray spectrum

at the production point with the yield of neutrinos per primary particle. Roughly speaking,

primary cosmic ray consists of 90% protons, 9% alpha particles and a small portion of

other kinds of heavy nuclei [52]. Figure 2.1 shows the measured fluxes of protons and

helium nuclei by different experiments [1].

11
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Figure 2.1: Primary cosmic ray fluxes of protons and helium nuclei [1]

Cosmic rays are isotropic when they reach the vicinity of the Earth. But, in order to

reach the upper atmosphere and interact with the air nucleus, these charged particles have

to pass through the geomagnetic field, which produces local effects — the neutrino flux

is location dependent [1]since the geomagnetic field varies at different locations. The flux

data we present here is for the Super-Kamiokande site only.

Interactions of primary cosmic ray particles with air nuclei produce mesons which are

mainly pions and kaons. Subsequently, neutrinos are produced in the decay chains of these

mesons. For example, the decay chain from pions are:

π± → µ± + νµ/ν̄µ

µ± → e± + νe/ν̄e + ν̄µ/νµ

. (2.1)

Kaon decays follow the similar chains.
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Figure 2.2: Neutron flux fluctuation [2].

Solar activity effects the primary cosmic rays and thus on the atmospheric neutrino

flux. The minimum neutrino flux occur at times of high solar activity.

Figure 2.2 shows the neutron monitor data from Moscow Neutrino Monitor [2]. Ac-

cording to the cosmic ray proton, helium and neutron measurements [53, 54, 2], during the

SK-I period, the cosmic ray flux was near the solar minimum until the summer of 1999,

rapidly decreased during the next year, and was at the minimum value consistent with so-

lar maximum from summer of 2000 until Super-Kamiokande I stopped taking data in July

2001. Therefore, the atmospheric neutrino Monte Carlo is calculated for 3 years of solar

minimum, 1 year of changing activity, and 1 year of solar maximum for Super-K I. During

the SK-II period, which is from Jan 2003 to October 2005, there are about one year solar

minimum in 2003, and two years of changing activity during the 2004 and 2005 period.
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2.2 Atmospheric neutrino energy spectrum

Roughly speaking, low energy neutrinos around 1 GeV are mainly produced by the pri-

mary fluxes around 10 GeV. At this energy range, cosmic ray fluxes are affected by solar

activity and by the geomagnetic field due to their low rigidities. Neutrinos above 100 GeV

are mainly from primary cosmic rays with energies greater than 1000 GeV which are free

of the effects of solar activity and the rigidity cutoff. But details of the higher energy

primary cosmic ray flux are not as well measured.

Following the primary interactions of cosmic ray particles with the air nuclei, the prop-

agation and decay of secondary particles are simulated [1]. The calculated energy spectra

of atmospheric neutrinos at Kamioka site are shown in Fig. 2.3 (top). Fig. 2.3(bottom)

shows the comparison of different calculations. The fluxes calculated in Ref. [4] (solid

line) and Ref. [5] (dashed line) are normalized by the flux in Ref. [3].

Below 10 GeV, the difference among different calculations is around 10%. This is the

combined effects of the uncertainty of the primary cosmic ray flux measurements [55, 56],

which is about 5% below 100 GeV, and different hadronic interaction models used in

calculations.

Above 100 GeV, the primary cosmic ray spectrum and compositions are less well

known. Therefore, for neutrino energies much higher than 10 GeV, the uncertainties in

the absolute neutrino flux are much larger. The index of low energy (<100 GeV) proton

spectra is −2.74 ± 0.01 according to Ref. [1]. However, this spectrum does not fit well to

the high energy part. Ref. [3] suggests allowing a different spectral index for the protons

above 100 GeV: the best fit value is −2.71. Also, it is discussed in Ref. [1] that the spec-

trum index for the He flux can be fit by either −2.64 or −2.74, shown in Fig. 2.1. So, there

could be 0.10 uncertainty in the spectrum index for He. The spectrum indices for heavier

nuclei have uncertainties larger than 0.05 [1].
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Figure 2.3: (top) The direction averaged atmospheric neutrino energy spectrum for νµ+νµ;
(bottom) The ratio of the calculated neutrino flux.

Taking the flux weighted average of these spectrum index uncertainties, we assign

0.03 and 0.05 for the uncertainties in the energy spectrum index in the primary cosmic ray

energy spectrum below and above 100 GeV, respectively.

2.3 Flavor ratios

There are mainly two factors affecting the flavor ratio: neutrino energy and the relative

contributions from kaons and pions. Figure 2.4 shows the ratio of νµ + νµ to νe + νe as a

function of the neutrino energy. Solid, dashed and dotted lines show the prediction by [3],

[4] and [5], respectively. The angle dependence has been integrated out. In the low energy

region less than about 5 GeV, most of the neutrinos are produced by the decay chain of

pions in Eq. 2.1. To a very good approximation, the ratio is around 2. The uncertainty
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of this energy range is about 3%, which is estimated by comparing the three calculation

results.
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Figure 2.4: The flux ratio of νµ +νµ to νe +νe averaged over all zenith and azimuth angles
versus neutrino energy.

However, as neutrino energy increases, the parent muons are more likely to reach the

ground before they decay and the contribution from K decay increases: at 10 GeV, about

10% of electron type neutrinos and 20% of muon type are from K; it increases to more than

30% at 100 GeV for both flavors. And the uncertainty of K/π production ratio [57, 58] in

this energy region is as big as 20%, which causes a bigger uncertainty on the flavor ratio in

the energy range of 10 to 100 GeV. As seen from Fig. 2.4, the difference of the calculated

νµ + νµ to νe + νe ratio is as large as 10% at 100 GeV. Above 5 GeV, we assumed that the

uncertainty linearly increases with log Eν from 3% at 5 GeV to 10% at 100 GeV.

Although the Super-K detector does not distinguish the signs of the charges, the ob-

servation is still affected by ν/ν̄ ratio since they have different interaction cross sections

and the oppositely charged final state particles produce different responses in the detector.
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Also, some physics effects are indeed sensitive to the ν/ν̄ ratio, e.g., the matter effect and

CPT violation (CPTV) models which we will discuss in this dissertation.

Figure 2.5 shows the calculated flux ratios νµ to νµ and νe to νe. Solid, dashed and

dotted lines show the prediction by Honda et al in Ref. [3], Barr et al in Ref. [4] and Bat-

tistoni et al in Ref. [5], respectively (same key as Fig. 2.4). Below 10 GeV, for both ratios,

different calculations agree to about 5%. But the disagreement gets larger as neutrino en-

ergy increases. The systematic uncertainties on the ν/ν ratio are assumed to be 5% below

10 GeV and linearly increase with log Eν to 10% and 25% at 100 GeV, for the νe to νe and

νµ to νµ ratios, respectively.
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Figure 2.5: The flux ratios of νµ to νµ and νe to νe versus neutrino energy. The solid line
is from [3], the dashed line is from [4] and dotted line is from [5].
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2.4 Neutrino pathlength

The pathlength of a neutrino is the function of the production height and the zenith angle.

The typical production height for neutrinos is around 15 km [1]. We use a Monte Carlo

method to simulate a distribution of the neutrino production heights. Figure 2.6 shows

the pathlength distributions in air of different neutrino energies and neutrino flavors for

both vertical and horizontal cases. Including the production height, Fig. 2.4 shows the

averaged pathlength for 1 GeV νµ as a function of zenith angle. It is not hard to imagine

that the uncertainty on pathlength for neutrinos passing a great distance crossing the Earth

is relatively small and for horizontal and downward going neutrinos, is relatively larger

since the baselines are shorter.
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Figure 2.6: Distributions of neutrino pathlength in air

Cosmic rays are isotropic at the vicinity of the Earth. Therefore, geometrically, the

neutrino flux should be up-down symmetric. However, due to the geomagnetic effect, low

energy neutrinos are up-down asymmetric.
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Figure 2.8 shows the zenith angle dependence of the atmospheric neutrino fluxes for

several neutrino energies. Solid, dashed and dotted lines show the predictions in Ref. [3],

Ref. [4] and Ref. [5], respectively (same key as Fig. 2.4). At low energies, and at the

Kamioka location, the fluxes of downward-going neutrinos are lower than those of upward-

going neutrinos. This is due to the deflection of primary cosmic rays by the geomagnetic

field, roughly characterized by a minimum rigidity cutoff. For neutrino energies higher

than a few GeV, the calculated fluxes are essentially up-down symmetric, because the

primary particles are more energetic than the rigidity cutoff.

For upward going muons, which are produced by neutrinos interacting with rock be-

neath the Super-K detector, the typical energies are relatively higher and the decay K

contribution becomes larger. We assume that the K/π production ratio uncertainty is 20%

in the whole energy region [57, 58]. The uncertainties in the zenith angle and energy distri-

butions due to the K/π production uncertainty are included in the systematic errors in the

Figure 2.7: The averaged pathlength versus cosine of zenith angle
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Figure 2.8: The flux of atmospheric neutrinos versus zenith angle. The solid line is from
[3], the dashed line is from [4] and dotted line is from [5].

analysis. Figure 2.9 shows the zenith angle dependence of the atmospheric neutrino fluxes

for higher energy region observed as upward muons in Super-Kamiokande. Again, solid,

dashed and dotted lines show the prediction in Ref. [3], Ref. [4] and Ref. [5], respectively

(same key as Fig. 2.4).

2.5 Summary

In summary, the uncertainty on the absolute flux is very large, but we do have pretty

accurate knowledge on the flavor ratio and up-down flux ratio, which will provide the

most important information on neutrino oscillation analysis. Table 2.1 has all the system-

atic uncertainties which show our understanding on atmospheric neutrino flux at Super-

Kamiokande.
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Table 2.1: Systematic uncertainties on the atmospheric neutrino flux
Systematic Uncertainty σ(%) Index
Absolute Normalization free 1
(νµ + ν̄µ)/(νe + ν̄e) (Eν < 5GeV ) 3.0 2
(νµ + ν̄µ)/(νe + ν̄e) (Eν > 5GeV ) 3.0 3
νe/ν̄e (Eν < 10GeV ) 5.0 4
νe/ν̄e (Eν > 10GeV ) 5.0 5
νµ/ν̄µ (Eν < 10GeV ) 5.0 6
νµ/ν̄µ (Eν > 10GeV ) 5.0 7
Up/down ratio 1.0 8
Horizontal/vertical 1.0 9
K/π ratio 20.0 10
Production height 10.0 11
Spectral index of primary cosmic ray above 100GeV 3.0 12
Sample-by-sample spectral index (FC Multi-GeV) 5.0 13
Sample-by-sample spectral index (PC and Upµ) 5.0 14
Solar activity 50.0 48



Chapter 3

Super-Kamiokande Experiment

The Super-Kamiokande detector is a 50 kiloton water Cherenkov detector located at the

Kamioka Observatory of the Institute for Cosmic Ray Research, University of Tokyo. This

facility is in the Mozumi mine in Gifu prefecture, Japan, under the peak of Mt. Ikenoyama

which provides a 1,000 meters rock overburden (2,700 meters water equivalent). It is a

multi-purposed underground experiment.

As the successor of the Kamiokande and IMB experiments [59, 60], the main physics

goals of Super-Kamiokande are to study nucleon decay [61], solar [62] and atmospheric

neutrinos [63]. Its low threshold, low-background environment, large target mass and large

aperture make the detector a promising facility for many other research topics, for example

but not limited to: supernova neutrinos, exotic properties of neutrinos [64] , exotic particle

searches [65], astrophysical [66, 67, 68, 69] and cosmological [70, 71] studies; it served

as the far detector of K2K experiment [72]; it will also served as the far detector of fore-

coming T2K experiment [73].

The Super-K experiment has three running periods so far. Super-K I (SK-I) started op-

eration from April 1996 and continued until July 2001. In July 2001, the first upgrade was

started to refurbish the failed photomultipliers (PMT) and cables and to partially replace

22
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the outer detector (OD) reflector. The upgrade finished in October 2001 but in November

2001, a broken PMT at the bottom of the inner detector (ID) triggered a chain reaction

and destroyed 70% of the PMTs in the detector. More information about the accident can

be found in [74]. The second upgrade started in March 2002 and finished in December

2002, the rebuilt Super-K detector, Super-K II (SK-II), has a fully recovered OD but ID

only has half of the PMTs that SK-I has. SK-II ran from January 2003 to October 2005

and has a livetime of 804 days for atmospheric neutrino observation. The fully recovered

Super-K III (SK-III) started operation in July 2006.

This chapter will be mainly focused on factors relevant to the atmospheric neutrino

sector. More details on all the technical respects of the detector can be found in Ref. [75,

62, 63].

3.1 Detector setup

Shown in Fig. 3.1, the Super-K detector consists of two concentric, optically separated

water Cherenkov detectors contained in a stainless steel tank 42 meters high and 39.3

meters in diameter, holding 50 kilotons of pure water. The top of the detector, under the

hemisphere, consists of electronics huts and open work area. Super-K water is supplied

from the spring water inside the mine. The water in the tank is continuously circulated

through the water purification system to filter out any microparticle contaminations to

keep the transparency and, more importantly, radioactive materials from air, mainly radon

(Rn). The water temperature in SK tank is controlled at ∼ 12 oC.

The ID holds a cylindrical volume of pure water 16.9 m in radius and 36.2 m high.

During SK-I running period, the inner detector (ID) has 11,146 Hamamatsu R3600 50 cm

diameter photomultiplier tubes (PMTs) mounted on the inner wall, comprising a photo-

cathode coverage of about 40%. The number of ID PMTs during SK-II period is reduced
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Figure 3.1: A schematic drawing of the Super-K detector (the number of ID PMTs during
SK-II period was reduced by half)

by half due to the lack of supply. The photocathode coverage thus becomes around 20%.

The 50 cm PMTs were specially designed [76] to have good single photoelectron (p.e.) re-

sponse, with a root-mean-squared timing resolution of 2.5 nsec. The space between PMTs

is covered by black plastics to prevent reflection.

The ID is surrounded by the outer detector (OD), a cylindrical shell of water 2.6-

2.75 m thick including a dead space 55 cm. The OD is optically isolated from the ID

and mainly functions as a 4π active veto — to identify the incoming and outgoing muons.

The OD is instrumented with 1,885 outward-facing Hamamatsu R1408 20 cm PMTs. A

50cm × 50cm × 1.3cm wavelength shifter [77] is attached to every OD PMT to increase

light collection efficiency. The interior of OD is covered with reflective Tyvek to further
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increase light collection. We will discuss OD PMTs performance and the OD Monte Carlo

in Appendix A. Besides functioning as the veto, the OD is also a thick passive radioactivity

shield.

Each PMT is connected to high voltage (HV) supplies and signal processing electronics

via coaxial cables. For the ID, signal and HV cables are separated, while the OD uses a

single cable. The high voltages on the PMTs are set to make sure they have approximately

equal gains within the ID and OD respectively in order to reduce the overall systematic

uncertainty. These cables are all brought up to the open work area on the top of the tank,

where they are distributed into four electronic huts. Every hut contains electronic racks

and front-end data acquisition computers serving ID and OD PMTs for one quadrant of

the detector. There are four cable holes on top of the detector to let the four cable bundles

pass into the four electronic huts. Due to the big volumes occupied by the cable bundles in

the OD, the cosmic ray muons passing through those “dead” volumes can not be detected

by the OD so four plastic scintillators are installed on top of them outside the OD to veto

these cosmic ray muons.

3.2 Electronics and data acquisition

Both ID and OD PMT signals are processed by asynchronous, self-triggering circuits that

record the time and charge of each PMT hit over a threshold. Each ID PMT signal is digi-

tized with custom Analog Timing Modules (ATMs) [78, 79] which provide 1.2 µsec timing

range at 0.3 nsec resolution and 550 pC charge range at 0.2 pC resolution (∼ 0.1 p.e.). The

ATM has automatically-switched dual channels to provide deadtime-free data acquisition.

The outer PMT signals are processed with custom charge-to-time conversion modules and

digitized with LeCroy 1877 multi-hit TDCs over a −10 µsec to +6 µsec window centered

on the trigger time. More details about the DAQ system of Super-K detector can be found
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in [75, 63].

An event used in the atmospheric neutrino analysis is triggered by the coincidence of

at least 30 PMT hits in a 200 nsec window which is the time for photons crossing the

detector diagonally. The hit threshold for each individual PMT is about 1/4 p.e. This

trigger condition corresponds to the mean number of hit PMTs for a 5.7 MeV electron.

The trigger rate is 10-12 Hz so the total number of events in the raw data is of order ~ 106

per day. The trigger rate due to cosmic ray muons is 2.2 Hz. Digitized data are saved at a

total rate of 12 GB per day.

3.3 Detector calibration

3.3.1 Water properties

The optical attenuation length Latten of water is parameterized in the following way,

I = I0e
−l/Latten/l2,

where I is the light intensity after traveling a distance of l in water; I0 is the initial in-

tensity. At Super-K, Latten is measured through both direct and indirect ways. The direct

measurement uses a system consisting of a titanium-sapphire laser, a diffuser ball and a

CCD camera. To measure the attenuation length, the diffuser ball which is pumped with

laser is lowered into difference positions in the SK tank and the light intensity on the sur-

face is monitored by the CCD camera. A two inch PMT is used to monitor the stability

of the laser and also to measure the initial light intensity. Since water quality is expected

to change with time, this kind of measurements is made at regular intervals. The indirect

measurements use through-going cosmic ray muons. Through-going muons lose almost
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same amount energy per unit distance in SK tank, ∼ 2MeV/cm, which makes them “stan-

dard” light sources for calibration purposes. Through-going muons also have advantages

being continuous and plentiful so they can be used to monitor the attenuation length as a

function of time.

Latten is actually the combined effects of absorption and scattering on the intensity of

light: Latten = αabs + αscat. To measure them separately, a combination of dye and N2

lasers of wavelengths 337, 371, 400 and 420 nm are used as light sources. The laser beam

is brought into the SK tank through optical fibers pointing at the bottom of the tank. Each

laser fires every 6 seconds during normal data taking. From the spatial and the timing

distributions of the photons detected by PMTs, both absorption and scattering coefficients

are studied with the help of Monte Carlo and incorporated into the detector simulation.

Every 5 days, accumulated data are combined and analyzed as a single set.

3.3.2 The absolute energy calibration

Super-K employs several different sources to calibrate the absolute energy scale. For

low energy from ~5 MeV to ~15 MeV, an electron linear accelerator (LINAC) [80] and

a deuterium-tritium neutron generator (DTG) [81] are used and a small uncertainty (better

than 1%) in hit counting is achieved [75]; for high energy, which is more relevant to atmo-

spheric neutrino data, the following sources are used: the total number of photo-electrons

as a function of muon track length, where the muon track length is estimated by the recon-

structed muon entrance point and the reconstructed vertex point of an electron from the

muon-decay; the total number of photo-electrons as a function of Cherenkov angle for low

energy cosmic ray muons; the spectrum of muon-decay electrons; and the invariant mass

of π0s produced by neutrino interactions, see Fig. 3.2. Figure 3.3 summarizes the absolute

energy scale calibration by these studies.



28

Invariant Mass (MeV/c2)

Nu
mb

er 
of e

ven
ts

0

20

40

60

80

100

0 100 200 300 400 500 600 700

Figure 3.2: The reconstructed π0 → γγ invariant mass

-10
-8
-6
-4
-2
0
2
4
6
8

10

10 10 2 10 3 10 4 105

Momentum range (MeV/c)

(M
C-

da
ta

)/d
at

a 
(%

)

decay-e
"0

low stop µ
high stop µ
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on various techniques

The stability of the energy scale was also monitored continuously using stopping muons

and muon-decay electrons. Figure 3.4 shows the time variation of the mean reconstructed

energy of stopping muons divided by muon range and the mean reconstructed electron

energy from muon-decays. Vertical axes in both figures are normalized to mean values

and each data point corresponds to two month period. The root-mean-square of the energy

scale variation is ±0.9 % over the time of the experiment. From combining the absolute

energy scale accuracy study (±1.8 %) and the energy scale time variation (±0.9 %), the

total uncertainty of the energy scale of atmospheric neutrino detection was estimated to be

±2.0 %.
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Figure 3.4: The mean reconstructed energy of cosmic ray stopping muons divided by their
range (upper) and muon-decay electron (lower) as a function of elapsed days during SK-I.

3.4 Neutrino interaction simulation

Atmospheric neutrino oscillation analysis relies heavily on the comparison of the experi-

mental data with the theoretical expectation. Thus, we need detailed simulations of both

neutrino interactions and the Super-K detector. For atmospheric neutrino interactions, we

need to simulate the interactions of neutrinos ranging from 10 MeV to 100 TeV with the

water nuclei. In the case of upward muons, we need to simulation the interactions with the

rock nuclei surrounding the detector. At Super-K, we have two neutrino interaction simu-

lation programs: NEUT [82] and NUANCE [83]. We will only describe NEUT briefly. NEUT

considers the following charged and neutral current neutrino interactions are considered:

1. (quasi-)elastic scattering, νN → lN ′,

2. single meson production, νN → lN ′m,

3. coherent π production, ν16O → lπ16O,

4. deep inelastic scattering, νN → lN ′hadrons.
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Here, N and N ′ are the nucleons (proton or neutron), l is the lepton, and m is the meson,

respectively. For single meson production, K and η production are simulated as well as

the dominant π production processes. If the neutrino interaction occurred in the oxygen

nuclei, generated particles like pions and kaons interact with the nucleus before escaping.

3.4.1 Elastic and quasi-elastic scattering

The formalization of quasi-elastic scattering off a free proton was described by Llewellyn-

Smith [84]. For scattering off nucleons in 16O, the Fermi motion of the nucleons and Pauli

Exclusion Principle were taken into account. The nucleons are treated as quasi-free par-

ticles using the relativistic Fermi gas model of Smith and Moniz [85]. The momentum

distribution of the nucleons were assumed to be flat up to the fixed Fermi surface momen-

tum of 225 MeV/c. This Fermi momentum distribution was also used for other nuclear

interactions. The nuclear potential was set to 27 MeV/c.

3.4.2 Single meson production

Rein and Sehgal’s model was used to simulate the resonance productions of single π, K

and η [86, 87]. In this method, the interaction is separated into two parts:

ν + N → l + N∗,

N∗ → m + N ′,

where m is a meson, N and N ′ are nucleons, and N∗ is a baryon resonance. The hadronic

invariant mass, W , the mass of the intermediate baryon resonance, is restricted to be less

than 2 GeV/c2. In addition to the dominant single π production, K and η production is

considered.
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To determine the angular distribution of pions in the final state, we also use Rein and

Sehgal’s method for the P33(1232) resonance. For the other resonances, the directional

distribution of the generated pions is set to be isotropic in the resonance rest frame. The

angular distribution of π+ has been measured for νp → µ−pπ+ [88] and the results agree

well with the Monte Carlo prediction. We also consider the Pauli blocking effect in the

decay of the baryon resonance by requiring that the momentum of nucleon should be larger

than the Fermi surface momentum. Pion-less delta decay is also considered, where 20%

of the events do not have the pion and only the lepton and nucleon are generated [89].

The quasi-elastic and single meson production models have a parameter (axial vector

mass, MA) that must be determined by experiments. For larger MA values, interactions

with higher Q2 values (and therefore larger scattering angles) are enhanced for these chan-

nels. The MA value was tuned using the K2K [6] near detector data. In our atmospheric

neutrino Monte Carlo simulation, MA is set to 1.1 GeV for both the quasi-elastic and

single-meson production channels, but the uncertainty of the value is estimated to be 10%.

Figure 3.5 shows the K2K 1-kton water Cherenkov detector data on the scattering angle for

single Cherenkov ring events [6] together with the prediction by the Monte Carlo used in

this analysis. The scattering angle agrees well between the data and Monte Carlo overall.

Coherent single-pion production, the interaction between the neutrino and the entire

oxygen nucleus, is simulated using the formalism developed by Rein and Sehgal [90].

3.4.3 Deep inelastic scattering

In order to calculate the cross-sections of deep inelastic scattering, the GRV94 [91] parton

distribution function is used. In the calculation, the hadronic invariant mass, W , is required

to be greater than 1.3 GeV/c2. However, the multiplicity of pions is restricted to be greater

than or equal to 2 for 1.3 < W < 2.0 GeV/c2, because single pion production is sepa-
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Figure 3.5: The scattering angle distribution by neutrino interactions off the H2O target
from the K2K experiment (data are from Fig.1(b) of Ref. [6]).

rately simulated as previously described. In order to generate events with multi-hadron

final states, two models are used. For W between 1.3 and 2.0 GeV/c2, a custom-made

program [92] is used to generate the final state hadrons; only pions are considered in this

case. For W larger than 2 GeV/c2, PYTHIA/JETSET [93] is used.

Total charged current cross sections including quasi-elastic scattering, single meson

productions and deep inelastic scattering are shown in Fig. 3.6. The solid line shows the

calculated total cross section. The dashed, dot and dash-dotted lines show the calculated

quasi-elastic, single-meson and deep-inelastic scatterings, respectively. Data points are

taken from different experiments [63].

3.4.4 Nuclear effects

The interactions of mesons within the 16O nucleus are also important for the atmospheric

neutrino analysis. Basically, all of the interactions are treated by using a cascade model.
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anti-neutrino nucleon charged current interactions.
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The interactions of pions are very important because the cross section for pion production

is quite large for neutrino energies above 1 GeV and the interaction cross sections for pions

in nuclear matter is also large.

In our simulation program, we consider the following pion interactions in 16O: inelastic

scattering, charge exchange and absorption. The initial position of the pion generated

according to the Woods-Saxon nucleon density distribution [94]. The interaction mode is

determined from the calculated mean free path of each interaction. To calculate the mean

free path, we adopt the model described by Salcedo et al. [95]. The calculated mean free

path depends not only on the momentum of the pion but also on the position of the pion in

the nucleus. If inelastic scattering or charge exchange occurs, the direction and momentum

of the pion are determined by using the results of a phase shift analysis obtained from π−N

scattering experiments [96]. When calculating the pion scattering amplitude, the Pauli

blocking effect is taken into account by requiring the nucleon momentum after interaction

to be larger than the Fermi surface momentum at the interaction point. The pion interaction

simulation was checked using data for the following three interactions: π12C scattering,

π16O scattering and pion photo-production (γ+12C → π− + X) [97].

3.5 The detector simulation

A Monte Carlo simulation on how the detector reacts to physical processes is needed to

understand the systematics of the detector, to do data reduction and to compare our obser-

vation with the predictions of different theories or models.

The detector’s responses to the final state particles are simulated with a Monte Carlo

program based on the GEANT3 package [98], in which the propagation of particles, the

generation and propagation of Cherenkov photons, and the response of the PMTs are con-

sidered. The CALOR package [99] was employed to simulate hadronic interactions in
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Table 3.1: Super-K detector related systematic uncertainties
Systematic uncertainty Value (SK-I) Value (SK-II) Index

Energy calibration 0.02 0.025 37
Up/down symmetry of energy calibration 0.006 0.006 39

water. This package can reproduce the pion interactions results very well down to low

momentum regions of ∼ 1GeV/c. For still lower momenta (pπ ≤ 500MeV/c), a custom

subroutine was made based on experimental data in Ref. [100] on π −16 O scattering and

in Ref. [101] on π − p scattering.

For the propagation of Cherenkov photons in water, Rayleigh scattering, Mie scatter-

ing and absorption were considered in our simulation code. The attenuation coefficients

in water were tuned to reproduce the measurements of the laser system described in Sec-

tion 3.3.1. Light reflection and absorption on detector material, such as the surface of

PMTs and black plastic sheets between the PMTs are simulated based on direct measure-

ments, using probability functions that depend on the photon incident angle.

To give an example how we tune the detector simulation program, an OD simulation

tuning process was presented in Appendix A.

3.6 Summary

Our understanding to the Super-K detector can be summarized into systematic uncertain-

ties. SK-I and SK-II are practically different detectors with similar design so they have the

same systematic uncertainties terms but with different values. Table 3.1 shows the values

of SK-I and SK-II.

The uncertainties on neutrino reactions are summarized in Table 3.2. They are naturally

the same for SK-I and SK-II.
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Table 3.2: Neutrino interaction related systematic uncertainties
Systematic uncertainty Value Index
MA in quasielastic and single-π 0.10 15
Quasielastic scattering model dependence 0.10 16
Quasielastic scattering cross section 0.10 17
Single-meson production cross section 0.10 18
DIS model dependence 0.10 19
DIS total cross section 0.05 20
Coherent pion cross section 0.30 21
NC/CC ratio 0.20 22
Nuclear effect in 16O 0.30 23
Pion energy spectrum 0.10 24
CC ντ cross section 0.30 25
Hadron simulation 0.10 30



Chapter 4

Super-Kamiokande Atmospheric Data

Raw Super-K data consist mainly of downward-going cosmic ray muons and low energy

radioactivity events. The the ID and OD double structure can remove cosmic ray muons

easily with high efficiency. The atmospheric neutrino energy range, Evis > 30MeV, es-

sentially makes the analysis free of any low energy background. Visible energy is defined

as the energy of an electromagnetic shower that gives a certain amount of Cherenkov light.

For example, a muon of momentum 300 MeV/c yields a visible energy of about 110 MeV.

After background rejection, Super-K observes ∼ 20 atmospheric neutrino events per day.

In this chapter, we will briefly review data reduction and event reconstruction processes.

4.1 Data reduction

Based on the topology of the SK detector, neutrino events are divided into three cate-

gories: fully-contained (FC) events, partially-contained (PC) events and upward-going

muons (Upµ). Both FC and PC events are neutrino events which interact inside the ID. FC

events are the ones whose final state particles are completely contained inside the ID while

PC means there are some final state particles entering the OD, typically the muon from a

37
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CC νµ interaction.

FC and PC events share the same set of good run selection criteria so they have identical

livetime. SK-I has a livetime of 1489.2 days and SK-II 803.919 days. Upµ event’s parent

neutrinos interact within 5 km underneath the SK detector in the Earth and the final state

particle, nearly 100% muons, enter the SK detector. Upµ events mainly rely on fitting the

long muon tracks in ID so they are less susceptible to detector effects thus have looser

data quality cuts so longer livetimes are obtained. During the SK-I period, the Upµ sample

accumulated a livetime of 1645.91 days and for SK-II, 827.744 days. For both SK-I and

SK-II running periods, same data reduction schemes and algorithms are used but the cut

values are modified accordingly since SK-I and SK-II are, in principle, two different but

very “similar” detectors. Three different data reduction paths are used to separate FC, PC

and Upµ events.

Starting from raw data, to separate FC and PC events, a fast spatial clustering algorithm

is applied to the OD hits: if the number of hits in the largest OD cluster is less than 10,

the event is defined as FC; otherwise, it is defined as PC. Figure 4.1 shows the comparison

between MC and observation. Since the OD is essentially the same configuration, this cut

value is same for SK-I and SK-II.

4.1.1 Reduction of fully-contained events

The major background events in FC sample come from cosmic ray muons, low energy

events from radioisotopes and electronic noise. The FC event reduction process has five

steps.
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FC first reduction

The first step of FC reduction uses simple and efficient criteria to reduce the amount of

data to a manageable size. It has 3 cuts:

• pe300 > 200 p.e.: pe300 is the total charge collected in ID within a 300 nsec time

window. By requiring more than 200 p.e.’s, low energy background events are re-

jected. This cut is reduced to pe300 > 100 p.e. for SK-II due to the fact that the ID

PMTs are reduced by 50%.

• nODhit800 < 50: nODhit800 is the total hits in OD within a 800 nsec time window.

This cut removes big amount of cosmic muons.

• tdiff > 100 µsec: tdiff is the time interval between the current event and the previous
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one. By requiring the time interval, decay electrons entering ID from cosmic muons

are removed.

Those cuts reduce event rate from ∼ 106 events/day down to ~3000 events/day.

FC second reduction

The second step of FC is to further remove cosmic muon events and low energy back-

grounds. It has 2 cuts:

• nODhit800 ≤ 25 if petot < 100, 000 p.e.: petot is the total number of p.e.’s in ID.

This cut is similar to the second cut of step 1 but tighter to remove the relatively low

energy cosmic muons.

• pemax/pe300 < 0.5: pemax is the maximum number of p.e.’s recorded by any single

ID PMT. By requiring this ratio, low energy background events and flasher events

with one single big hit are removed. A PMT sometimes flashes due to a discharge

around the dynode structure. The noise event cause by such a problematic PMT is

call a flasher event. Under this circumstance, one tube tends to record most of the

photons so this cut can remove some flasher events. More elaborate cuts will be

applied to remove the remaining flasher events in later steps.

After this reduction step, the event rate goes down to ~200 events/day.

FC third reduction

After background events are significantly reduced in step 1 and 2, more complex criteria

(thus more computation time is needed) can be applied to further reject cosmic ray muons,

flasher events and low energy events which escaped previous simple cuts. At this stage,
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the goal is to remove several specific kinds of background events and event reconstruction

tools are used to help the reduction.

• Remove through-going muon events which do not produce enough hits in OD. To

identify these through-going muons, following criteria are required:

– pemax > 250 p.e.

– mugood> 0.75: mugood is the goodness being a through-going muon and is

defined as follow:

mugood =

∑
i exp

(
− (ti−Ti)2

2(1.5σi)2

)
/σ2

i
∑

i 1/σ
2
i

, (4.1)

where ti and σi are the hit time of the i-th PMT and its uncertainty, Ti is the

expected hit time based on the time when the muon enters ID and its recon-

structed track.

– nODhit,in ≥ 10 or nODhit,out ≥ 10: nODhit,in(nODhit,out) is the number of hit

PMTs in OD within 8m around the entrance(exit) point in a 800 nsec time

window. The entrance point is defined as the position of the earliest hit ID

PMT with neighbor hits; the exit point is defined as the center of the saturated

ID PMTs.

• Remove stopping muon events which escape cuts in steps 1 and 2. The following

criteria are used to identify stopping muons:

– If mugood> 0.5, then nODhit,in ≥ 5 or nODhit,in ≥ 10: mugood of stopping

muons is also defined as Eq. 4.1. The entrance point of a stopping muon is

reconstructed in the same way for the through-going muon described above.
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• Remove cosmic ray muons entering from cable holes. As we described before in

Sec. 3.1, cosmic ray muons passing through the cable bundles in OD can not be

detected by OD and they will be mistakened as neutrino events. Topologically, the

stopping ones will be considered as FC events. These events can be identified by the

following cuts:

– One veto counter (described in Sec. 3.1) hit.

– lveto < 4m: lveto is the distance from the reconstructed vertex to the hit veto

counter.

• Remove accidental events. Occasionally, a low energy event and the following cos-

mic ray muon happen in the same trigger gate. These events can not be rejected by

the cuts in steps 1 and 2 because the absence of OD activities during the gate and the

enough number of ID p.e.’s due to the muon. By combining the two following cuts,

these accidental events can be removed:

– nODhit,off500 > 20: nODhit,off500 is the number of hit OD PMTs in the fixed

time window between +400nsec and +900nsec after the trigger.

– peoff > 5000p.e.: peoff500 is the number p.e.’s in ID in a fixed time window

from +400 nsec to +900 nsec after the trigger

• Remove flasher events. Most flasher events have wider time distribution compared

to neutrino events. Flasher events can be identified by the following criteria:

– nmin100 ≥ 14 or nmin100 ≥ 10 if nIDhit < 800: nmin100 is the minimum number

of ID hits in a 100 nsec sliding time window; nIDhit is the total number of ID

hits.



43

• Remove low energy events. The main source of low energy events at this stage are

electronic noise and decay of radioisotopes. They are distributive sources so these

events can be identified by the following cut:

– nIDhit50 < 50: nIDhit50 is the number of ID hits within a 50 nsec sliding time

window after subtracting the each hit time by the time of flight assuming all the

photons come from the same vertex. The vertex is determined as the position

at which the time residual distribution is peaked.

After those cuts, the number of events is around 45/day.

FC fourth reduction

The forth reduction is dedicated to the remaining flasher events. As described previously,

flasher events are due to the discharges of PMT dynodes. Such “hot” PMT intend to dis-

charge repeatedly before they are identified and shut off. Thus, the flasher events produced

by such a tube have similar spatial hit patterns and can be identified by calculating the

spatial correlations between events. The number of ID PMTs is of order 104 so the com-

putation power needed is very high. In order to reduce the amount of computation, ID

PMTs are divided into 1450 patches and each patch represents a spatial point in the calcu-

lation of the correlation coefficients. The correlation coefficient between events a and b is

defined as,

rab =
1

N

N∑

i=1

(Qa
i − 〈Qa〉)(Qb

i − 〈Qb〉)
σaσb

,

where N is the number of spatial points (number of patches in our case), Qa
i (Qb

i ) is the

charge at each patch and σa(σb) is its standard deviation of event a(b), and 〈Qa〉(〈Qb〉) is

the average charge of event a(b).
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If the distance between the PMTs with the highest number of p.e.’s of two events is

small, which means the highest charge is produced around the same area, then they are

more likely to be a pair of flasher events. Considering the fact of the radius of ID tube is

around 50cm, an extra value of 0.15 is given to the correlation coefficient to account this

extra information if the distance is less than 75cm. The threshold of tagging similarity is

set at

rab
th = 0.168 log10

pea
tot + peb

tot

2
+ 0.130 ,

where pea
tot(peb

tot) is the total number of p.e.’s in ID of event a(b). Above this threshold,

events are identified as similar events.

The calculation is made by pairing with the 10,000 events before and after the target

one, and the number of matching up two similar events are counted. If the number of

matches is beyond certain values which depend on the maximum correlation coefficient

among the 20,000 pairs, the target event is identified as flasher.

After this reduction step, the event rate is 18 events/day.

FC fifth reduction

The last reduction step is to remove the remaining background events coming from differ-

ent sources. This step is similar to the third reduction step but with more delicate recon-

struction algorithms.

• Stopping muons. The cut to identify stopping muons is similar to the one in step

3, nIDhit,in ≥ 5, but the entrance point by extrapolating the fitted track of the event

backward instead of using the position of the earliest hit PMT.
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• Invisible muons. An invisible muon event is cause by the decay electron of a cosmic

ray muon which is below Cherenkov threshold in ID due to the energy loss along

the way entering ID. Such events have signals in OD before the triggers and can be

identified by the following criteria:

– petot < 1000p.e.: petot is the total number of p.e.’s in ID

– nmax
ODhit,early > 4: nmax

ODhit,early is the maximum number hit PMTs in a 200 nsec

sliding time window from -8,900 nsec to -100 nsec

– nmax
ODhit,early + nODhit,500 > 9 if lclust < 500cm or nODhit,early > 9 otherwise:

nODhit,500 is the number of hit PMTs in OD in a fixed time window from -

400 nsec to 100 nsec; lclust is the distance between two OD clusters used during

the calculation of nODhit,early and nODhit,500 respectively.

• Accidental events. More detailed calculations are employed to remove the remaining

accidental events:

– pe500 < 300p.e.: pe500 is the number of p.e.’s in a fixed time window between

-100 nsec and 400 nsec

– nmax
OD,late > 20: nmax

OD,late is the maximum number of hit OD PMTs in a 200 nsec

sliding time window from +400 nsec to 1,600 nsec

• Long tail flasher events. These events are identified by the following cut:

– nmin
IDhit,100 > 5 if the goodness of point fit < 0.4: nmin

IDhit,100 is the minimum

number of hit ID PMTs in a 100 nsec sliding window from +300 nsec to

+800 nsec; point fit will be explained later in the event reconstruction section

After the fifth step, event rate is 16 events/day.
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4.1.2 Reduction of partially-contained events

PC events require OD activities, which makes the reduction rather hard because it gives

cosmic ray muons chances to get mixed in. PC reduction, like FC reduction, also has five

steps which are arranged in the same strategic way — simple and efficient reduction cuts

first then more delicate ones.

PC first reduction

Due to the high event rate, the strategy of the first PC reduction is to use fast and effective

cuts to reject through-going cosmic ray muons and low energy backgrounds. PC events

should meet the following criteria:

• petot ≥ 1000 p.e. : petot is the total number of p.e.’s observed in ID. This cut is to

reject the low energy backgrounds. A signal strength of 1000 p.e.’s corresponds to a

muon with momentum of 310 MeV/c, while a PC muon event should have traveled

at least 2m thus its momentum is ∼ 500 MeV/c, well beyond this cut.

• Twid < 260 nsec: Twid is the width of the hit timing distribution among OD PMTs.

This cut is targeted at through-going cosmic ray muons — through-going muons

enter OD twice thus have a wide Twid distribution.

• nODcluster < 2: nODcluster is the number of OD hit PMT clusters. A hit cluster is

formed by grouping PMTs with more than 8 p.e.’s within 8m. This cut is also to

reject through-going muons since they, in principle, leave two hit clusters in OD.

Obviously, the first step has no attempt to reject stopping cosmic ray muons. After the first

step, the event rates goes down to 14,000 events/day.
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PC second reduction

The second PC reduction is designed to further remove the remaining through-going cos-

mic ray muons. A different clustering algorithm is applied in this step to help identifying

through-going muons. The OD (ID) walls are divided into 11 × 11 (21 × 21) patches and

the total charge in each patch is counted. Clusters are formed by calculating the charge

gradient. Following cuts are required for PC events:

• nODcluster2 < 2: nODcluster2 is the number of clusters in OD using this new clustering

algorithm and require a hit PMT must have at least 6 p.e.’s.

• nmin
ODhit < 7: nmin

ODhit is minimum number of PMTs in the hit clusters of the top,

bottom, or barrel region. This cut is to remove corner clipping through-going muon

events which leave hits in both top or bottom and barrel regions.

• pe200cm > 1000 p.e.: pe200cm is the number of p.e.’s in ID collected within 2m

around the highest charged OD PMT in the OD cluster. This cut is to

• n2nd−cluster: number of hits in the 2nd (ordered by number of hits in the cluster) OD

cluster

• nmin: number of hits in the first cluster or the rest of OD hits depending on which

one is smaller

• nouter: number of hits in the most charged OD cluster

PC third reduction

This step is to remove flasher events and cosmic ray stopping muons. To remove flasher

events which have wider time distribution compared to neutrino events, the same cut used

in FC third step is used:
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• nmin100 ≥ 14 or nmin100 ≥ 10 if nIDhit < 800: nmin100 is the minimum number of

ID hits in a 100 nsec sliding time window; nIDhit is the total number of ID hits.

To remove stopping muons, a simple fitter call “point fit” is used to determine the direction

of the ring. Then through backward extrapolating, the “entrance point” of the track in OD

is identified. For a true neutrino event, there should not be hit PMTs around this point

except noise hits; while for a real cosmic ray muon, it is the true entrance point and we

expect some OD hits in this region. So the stopping muons are identified by the following

cut:

• nehit8m > 10: number of hits in OD within 8 meters of the back extrapolated en-

trance point on OD wall.

After this reduction step, the event rate is around 100 events/day.

PC fourth reduction

PC 4th reduction is targeted at the remaining cosmic ray muons. In this step, combined

information of point fit and through-going muon fit is used. The vertex position and track

direction are from point fit and mugood and mudistance are from through-going muon

fitter. PC events must pass the following cuts:

• cosθfit−first > −0.8: θfit−first is the angle between the fitted direction and the line

connecting the vertex and the first hit tube in the ID cluster. These two vectors

should be back-to-back for cosmic ray muons.

• mudistance> 30 m if mugood> 0.85: mugood is the goodness value being a through-

going muon which is defined in Eq. 4.1. Real cosmic ray muons have better good-

ness.
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• dcorner > 150 cm : dcorner is the distance from the fit vertex to the nearest ID corner.

This cut is to remove corner clipping through-going muons.

The event rate after the forth reduction drops to ~20 events/day.

PC fifth reduction

This last reduction step is to reject all the remaining background events. The cuts are

designed specifically for each kind of distinctive background source.

• Remove low energy events. petot ≥ 3000: petot is the total number of p.e.’s in ID.

• Remove through-going muons. There are several different cuts targeting at the dif-

ferent signatures of through-going muons and we will explain them one by one:

– d1st−2nd > 20 cm and pe2nd > 10: d1st−2nd is the distance between the highest

charged cluster and the 2nd highest charged cluster; pe2nd is the number of

p.e.’s in the second highest charged cluster. These clustering information is

from the algorithm in PC second.

– ncluster5 > 1: ncluster5 is the number of clusters in OD using a modified version

of the clustering algorithm in the 2nd PC reduction. Instead of using 11 × 11

patch dividing scheme for OD, a 6 × 6 one is used and the threshold of hit

PMTs changed from 2.0 p.e.’s to 0.5 p.e.

– nODhit,top > 7 and peOD,top > 10, nODhit,bottom > 7 and peOD,bottom > 10, and

0.75× 40m
c < Tdiff < 1.5× 40m

c : nODhit,top (nODhit,bottom) is the number of hit

on the top (bottom) of OD; peOD,top (peOD,bottom) is the number of p.e.’s on the

top (bottom) of OD; Tdiff is the time difference between the average hit times

of the top and the bottom hits. This cut is targeted at the through-going muons

passing through the detector along the ID wall.
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– nODhit,in ≥ 5 and nODhit,out ≥ 5 and 0.75 × 40m
c < Tdiff < 1.5 × 40m

c : this

cut uses the information gained from a precise fitter, MS-fit, to remove the

remaining through-going muons. nODhit,in (nODhit,out) is the number of hits

in OD within 8 m of entrance (exit) point using the precise fitter; Tdiff is the

average hit time difference between the entrance and the exit point hit PMTs.

• Remove stopping muons. There are three criteria in series to identify stopping

muons with different features. A precise fitter, MS-fit, is used to provide the in-

formation removing stopping muons for the first two criteria. The third signature

utilizes stopping muon fitter.

– nODhit,in ≥ 10: this is the number of hit PMTs in OD within 8 m of the

entrance point.

– θTDC−fit > 90◦ or θMS−fit > 90◦: θTDC−fit (θMS−fit) is the angle between

the ring direction using TDC- (MS-) fitter and the direction of OD cluster.

– mugood> 0 and pecone

petot
≥ 0.6 and nODhit,in > 6: mugood is the goodness being

a stopping muon; pecone is the number of p.e.’s inside the 42◦ cone and petot is

the total number of p.e.’s in ID.

• Remove cable hole events. Unlike FC events, the veto counters on top the cable

bundles can not identify all the cosmic muons since there are PC events exiting the

detector and hit the veto counters. Two signatures are used to identify cosmic ray

muons for PC reduction:

– one veto counter hit

– 0dring · 0dvertex−veto > −0.8: 0dring is the ring direction reconstructed by TDC-

fitter and 0dvertex−veto is the unit vector from the hit veto counter to the recon-

structed vertex.
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4.1.3 Reduction of upward-going muons

The goal of the upward-going muon (UPµ) reduction is to save the muons produced

through neutrino interactions in Earth. The main background are downward-going and

horizontally-going cosmic ray muons. The reduction of UPµs consists of two steps, first,

a automated reduction program is applied to reduce the background as much as possi-

ble; then, physicists will scan these events one by one using an event displayer to pick

out the neutrino events. However careful, it is impossible to eliminate the cosmic ray

muons around the horizontal direction. Thus, the cosmic ray muon contamination near the

horizontal direction is estimated by extrapolating the cosmic ray muon zenith angle distri-

butions above the horizon. Events with only high-E triggers are considered as candidates

of UPµs.

Energy cut

We only use the events with pathlength greater than 7 meters in order to reduce the π±

background events produced by downward-going cosmic ray muons around the detec-

tor [74]. Thus, we can safely cut away the low energy events. On the other hand, it is

difficult to reconstruct ultra high energy events which saturate the Super-K ID. So, the

following cut on the ID charge is used,

• 8000 ≤ petot < 1, 750, 000 : petot is the total number of p.e.’s in the ID

Background event rejection

Several different muon fitters specialized in different kind of UPµ events are used to re-

construct the pathlengths and the directions of the muons. The zenith angle cuts have two

stages:
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1. In this stage, muon fitters stopmu1st and muboy are used and the following events

are rejected:

• Corner clipper events: either of the following cut is met

– muboy classifies the event as corner-clipper AND goodness value is greater

than 0.35

– muboy classifies the event as stopping or through-going AND the muon

pathlength is less than 4 meters AND goodness value is greater than 0.35

AND downward

• Double muon events: both muboy and stopmu1st classify the event as multiple

muon

• Downward-going cosmic ray muons: muboy classifies the event as downward-

going and goodness-of-fit is greater than 0.45

The following events are classified as good UPµs and saved for the final eye scan:

• Muboy output direction is upward and fcone > 0.8

According to the output information of muboy, the remaining events are separated

into through-going muons, which will be passed onto thrumu1st in the 2nd stage,

and stopping muons, which will be passed onto fitter stopmu2nd in the 2nd stage.

2. The second stage uses fitters stopmu2nd, thrumu1st, fstmu, thrumu2nd and NNfit to

further reject the downward-going events. The logic in this stage is very simple —

all the events from stage 1 will pass through all the fitters, if identified as upward-

going events with goodness-of-fit above certain thresholds, they will be saved as

UPµ candidates for the final eye scan; if identified as downward-going events with

goodness-of-fit above certain thresholds, they will be rejected as cosmic ray muons;
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if identified neither as downward-going nor as upward-going but as horizontal by at

least one of the fitters or upward by thrumu1st, they will be saved as UPµ candidates

for the final eye scan. The rest are rejected.

Eye scan

The final eye scan over the UPµ candidate events are performed by experienced physicists

using event displayers. The scanning is performed by two physicists independently first.

Then they come together to make final decision.

Event classification

The following quantities are calculated for each event:

• nOD,entry: number of OD hits between 800 ns and 1,300 ns and 8 m around the entry

point of OD

• nOD,exit: number of OD hits between 800 ns and 1,300 ns and 8 m around the

projected exit point of OD

An event is considered as a stopping muon event if nOD,entry ≥ 10 and nOD,exit < 10;

otherwise, a through-going muon event.

Through-going muon events are further divided into non-showering events and show-

ering events by comparing the observed p.e.s with the expected number of p.e.s assuming

pure ionization energy loss. Detailed procedure is recorded in Chapter 7 of Dr. Desai’s

Ph.D. dissertation [74].
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4.2 Event reconstruction

After the data reduction, event reconstruction algorithms are applied on all the neutrino

events. This procedure is same for both Monte Carlo and data. As we mentioned in the

previous section, some of the reconstruction algorithms are used during the data reduction

also. For the Super-K water Cherenkov detector, we have the following reconstruction

algorithms: vertex fitting, ring counting, particle identification, precise vertex fitting, and

momentum determination.

4.2.1 Vertex reconstruction

Vertex fitting process has three parts, point fitter, ring edge search and TDC fitter.

Point fitter

Vertex position is first roughly estimated using the timing information of ID hits assuming

all the photons are emitted at the same time from a point source at position (x, y, z). A

variable called “time residual” is defined in this step as follow,

ti = t0i −
√

(x − xi)2 + (y − yi)2 + (z − zi)2/vwater ,

where t0i is the hit time of the ith PMT, whose position is (xi, yi, zi) , in ID; vwater is speed

of light in water. Finding the point (x, y, z) which maximizes the following goodness gives

us the rough position of the vertex,

Gp =
1

N

N∑

i=1

e
−

“
ti−t̄
1.5σ

”2
/2

,
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where, N is the number of hit PMTs, t̄ is the average of ti’s, and σ is the PMT timing

resolution (2.5 ns).

The particle direction is also roughly estimated by adding all vectors which are weighted

by the corresponding PMT charges connecting the vertex and all the hit PMTs:

0d =
N∑

i=1

qi
0di ,

where, 0di is the unit vector connecting the vertex and the ith PMT and qi is the number of

p.e.s deposited in the ith PMT. Certainly, 0di is not normalized here yet.

Ring edge search

In this step, the direction and the outer edge of the dominant ring is determined. First, an

estimator is defined as follow,

Q(θedge) =

∫ θedge

0 dθpe(θ)

sin θedge

(
dpe(θ)

dθ

)2

e
−(

θedge−θC
σθ

)2
,

where pe(θ) is the angular distribution of the observed charge as the function of opening

angle θ with respect to 0d from the point fitter, the azimuthal direction is integrated out; θC

and σθ are the Cherenkov radiation angle and its resolution.

θedge is found by requiring:

1. θedge > θpeak, where θpeak is the position where pe(θ) takes its maximum;

2. d2pe(θ)/dθ2|θedge
= 0, where θedge is the first point away from θpeak which satisfies

this equation.
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TDC fitter

After the ring edge is found, TDC fitter is called to determine the vertex more precisely.

TDC fitter is based on the same principles used by point fitter: finding the point which re-

produces the observed photon distributions the best. Using the information from previous

two step, by considering the following factors:

1. Photons are emitted along the track of charged particles;

2. Photons observed outside the ring edge are treated as scattering light,

TDC fitter is able to provide more precise estimation for the vertex position.

4.2.2 Ring counting

After the vertex, direction and the Cherenkov opening angle of the most energetic ring is

constructed using the vertex fitters, further attempts are tried to see whether the event is a

single- or multi-ring one. The algorithm consists of two steps:

1. Search for ring candidates using Hough transformation,

2. Test whether the candidates are real Cherenkov rings.

Searching ring candidates

Hough transformation is used to search for ring candidates. In order to perform Hough

transformation on our cylindrical surface, the ID PMTs are remapped onto a sphere whose

center is the vertex found by the vertex fitter and the surface of the sphere is divided into

72 × 36 bins in the θ − φ plane. To find the extra rings, expected Cherenkov charges

are subtracted from the PMTs and the remaining charges are redistributed using Hough

transformation with a Cherenkov opening angle of 42◦. The charge peaks after the trans-

formation are the directions of ring candidates.
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Testing ring candidates

The candidates found by Hough transformation are tested using likelihood method. The

basic idea is to compare the likelihood function values of the case of n rings and the case

n + 1 rings, staring from n = 1 till the n-ring case is preferred over the assumption of

n + 1 rings. The details are provided in Dr. Ishitsuka’s dissertation [102] or Dr. Clark’s

dissertation [103].

4.2.3 Particle identification

Super-K detector can identify two types of Cherenkov rings: e-like and µ-like, according

to the ring pattern and the opening angle. Tracks of electrons, particularly low-energy

electrons, are not straight due to multiple scatterings thus electrons produce rather diffused

Cherenkov rings. However, muons, as they are heavier, have more straight tracks thus

intend to produce much sharper Cherenkov rings. This difference is the basis of the particle

identification (PID).

The PID likelihood functions being e-like, Le, or µ-like, Lµ, for a Cherenkov ring

are constructed using the expected charges (assuming the charged particle producing this

ring as electron or muon) and the observed charges of the PMTs inside the opening angle

of 1.5θC . By comparing the values of those two likelihoods, the charged particle type is

decided.

4.2.4 Precise vertex fitter

TDC fitter is not sensitive to the shift along the particle track due to the fact it uses the

time residuals. To overcome this short-coming, MS fitter is made to improve the vertex

resolution in the longitudinal direction.

In MS fitter, the likelihood function used in PID is employed with a fixed Cherenkov
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angle θC which is calculated under the assumption of the decided particle type. The algo-

rithm iterates in the following way:

1. Change the vertex position in the transverse direction with respect to the particle

track direction to maximize the goodness defined in TDC fitter.

2. Move the vertex position along the track direction to find the position where the like-

lihood function, Le or Lµ depending on the particle type, defined in PID algorithm

is maximized.

3. Adjust the direction to maximize Le or Lµ.

4. repeat till the shift on the vertex is less than 5 cm and the change on the direction is

less than 0.5◦.

4.2.5 Momentum reconstruction

The momentum of the charged particle producing a certain Cherenkov ring is reconstructed

with the information of the vertex, the direction and the PID. For Cherenkov radiation,

there is a very good correlation between the radiated photons and the particle momentum.

In order to get the corrected number of photons radiated by the particle, the detected photo-

electrons are corrected for by the effective photo-sensitive area of the PMT, the pathlength

and the light attenuation and scattering in water. The total number of corrected photo-

electrons, Rtot, is defined as the total number of photoelectrons in a 70◦ opening angle

and between the time window of -50 ns and +250 ns around the time residual peak. The

relation between Rtot and the particle momentum is obtained by Monte Carlo simulation.
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4.2.6 Upward-going muon event reconstruction

The reconstruction of UPµ events are different from the FC and PC events. There are

three fitters used: OD fitter, TDC fitter, and Upmu fitter. According to the track length,

total p.e.s in ID, the number OD clusters and the direction differences of these three fitters,

the reconstruction process choose different fitters as the results. Details are recorded in

Ref. [74].

Due to fact that the primary neutrino interactions of Upµ events are in Earth, the cor-

relation between the muon momentum and parent neutrino energy is relatively weaker.

In addition, the momenta of upward through-going muons can not be reconstructed since

they penetrate the Super-K detector. So the most valuable information from the UPµ recon-

struction is the direction, which has better correlation with the parent neutrino directions

than FC and PC events.

4.3 Summary

Super-K events are categorized into following categories according to the locations of

neutrino interactions and the topology of the events:

• Contained events: primary neutrino interactions are in ID

– Fully contained events (FC): final state particles are completely contained within

ID

∗ Single-ring e-like events

∗ Single-ring µ-like events

∗ Multi-ring e-like events: the most energetic ring is e-like

∗ Multi-ring µ-like events: the most energetic ring is µ-like
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Each of these FC event samples are further divided into sub-GeV and multi-

GeV samples according to their visible energy,

∗ Sub-GeV: Evis ≤ 1.33 GeV

∗ Multi-GeV: Evis > 1.33 GeV

– Partially-contained events (PC): final state particles enter OD

∗ PC stopping: the muon penetrate ID but stop in OD

∗ PC through-going: the muon penetrate both ID and OD

• Upward-going muons (UPµ): primary neutrino interactions are in Earth and the

muons enter Super-K detector

– Stopping muons: muons that stop in ID

– Non-showering muons: muons penetrate the detector and energy loss is mainly

through ionization

– Showering muons: muons penetrate the detector and losing energy mainly

through radiation

Figure 4.2 shows the parent neutrino energy spectra for different data samples based on

the Monte Carlo simulation. We will talk how we get those neutral current enhanced

samples in Chapter 6. As we see from the spectra, Super-K atmospheric neutrino covers a

wide energy range from ∼ 100 MeV to ∼ 1 TeV. This is a big advantage for testing new

physics at high energies.

4.3.1 Systematic uncertainties of data reduction

The data reduction algorithms for SK-I and SK-I are same except the cuts related to number

of ID PMTs. So, the same kinds of systematic uncertainties are introduced in. However,
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Figure 4.2: Parent neutrino energy spectra

the values are different between SK-I and SK-II. Since SK-II is not as good as SK-I due

to less ID PMTs, systematic uncertainties which depend on the ID PMT coverage become

larger.

Table 4.1 shows the values for SK-I and SK-II. Appendix B gives an example on how

to evaluate the systematic uncertainty in PC reduction.

4.3.2 Systematic uncertainties of event reconstruction

The reconstruction algorithms are same for SK-I and SK-II except some parameters. So,

the same set of systematic uncertainties are evaluated for SK-I and SK-II which are shown

in Table 4.2.
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Table 4.1: Super-K data reduction uncertainties
Systematic Uncertainty Value (SK-I) Value (SK-II) Index
FC reduction 0.002 0.002 26
PC reduction 0.026 0.040 27
UPµ reduction 0.01 0.01 28
FC/PC separation 0.009 0.005 29
Non-ν background (e-like) 0.01 0.01 31
Non-ν background (µ-like) 0.01 0.01 32
Stopping/through-going µ separation 0.004 0.003 33
Non-showering µ background 0.015 0.030 40
Stopping µ background 0.17 0.24 41
Non-ν background (Multi-GeV single-ring e-like) 0.14 0.326 42
Non-ν background (Multi-GeV multi-ring e-like) 0.20 0.554 43
Non-showering/showering separation 0.0118 0.017 45
Showering µ background 0.13 0.24 46
PC stopping/through-going separation 0.12 0.166 47

Table 4.2: Systematic uncertainties in event reconstruction
Systematic uncertainty Value (SK-I) Value (SK-II) Index
Ring separation 0.10 0.10 34
PID of single-ring events 0.01 0.01 35
PID of multi-ring events 0.10 0.10 36
Energy cut of stopping µ 0.011 0.011 38



Chapter 5

Mass-Induced νµ − ντ Oscillation

In the framework of the Standard Model, there are three types of neutrinos, νe, νµ and ντ .

That there are no more active neutrino flavors beyond these three is strongly supported by

the experimental evidence from LEP experiments [13]. However, the LSND experiment

measured a mass squared splitting which is different from both the solar and the atmo-

spheric scales [104]. If the LSND result is confirmed, it could suggest there is a fourth

flavor. Due to the constraints from LEP experiments, the fourth flavor must be sterile

neutrino. We will disscuss issues related to sterile neutrinos in the next chapter.

As we described in the first chapter, previous analysis [105] and results from experi-

ments Chooz [38] and Palo Verde [39] indicate that the mixing between muon neutrinos

and electron neutrinos are extremely small. Thus, a two-flavor analysis of νµ − ντ oscil-

lation for atmospheric neutrino is quite sufficient at the current experimental precision to

extract mixing parameters between the second the third generations.

In this chapter, we will carry out the oscillation analysis assuming that muon neutrinos

mix with tau neutrinos using both SK-I and SK-II atmospheric neutrino data. In order to

provide more precise information on the mixing parameters, a finer binning of the recon-

structed event energy is applied in the data analysis.

63
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5.1 Data preparation

Mixing between muon neutrinos and tau neutrinos implies that the missing atmospheric

muon neutrinos are turning into the tau type. For a water Cherenkov detector, it is not

so easy to identify tau events [106] because tau lepton decays almost instantaneously and

the final state particles consist of electrons, muons, or one or more pions which produce

multi-ring signals without an easily identified leading charged lepton. In addition, due to

the energy threshold of tau lepton production which is ∼ 3.5 GeV, only a small portion of

tau neutrinos interact in SK detector produce tau leptons. Thus, there is no much statistics

available either. For the whole SK-I period, we only expect 78 tau events [106] assuming

∆m2 = 2.4 × 10−3eV2. Super-K collaboration studied the tau appearance study using

both likelihood method and neural network approach, and the results are consistant with

νµ − ντ oscillation assumption [106].

Due to the difficulties of identifying tau events and their low statistics, SK is basi-

cally a atmospheric neutrino disappearance experiment for the νµ − ντ oscillation. These

small amount of tau events (78 for SK-I and 43 for SK-II normalizing the livetimes) are

categorized into e−like events and they have very little effects on the oscillation analysis

compared to the total number of events. The survival probability of muon neutrinos is as

follow:

Pνµ→νµ = 1 − sin2 2θ sin2 ∆m2L

4E
= 1 − sin2 2θ sin2 1.27

∆m2(eV 2)L(km)

E(GeV )
. (5.1)

As we will show later, the zenith angle oscillation analysis is based on the comparison

between the observed number of events and the expected ones. In order to know the ex-

pected number of neutrino events, we need to know the neutrino flux. As we mentioned
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in Chapter 2, the systematic uncertainty on the absolute flux intensity of atmospheric neu-

trinos is as large as ~20%. However, we do have better understanding on the flavor ratio.

Thus, though electron neutrinos do not participate oscillations in the two generation frame-

work for the atmospheric neutrino sector, e−like events can help to cancel the systematic

uncertainty of the absolute neutrino flux. In order to increase the statistics of e−like events,

we also extract charge current enhanced samples from FC multi-ring e-like events. The al-

gorithm is based on a likelihood analysis using PID likelihood, momentum fraction of the

most energetic ring, number of muon decay electrons, and distance between muon decay

electron and primary neutrino interaction position [105].

The following data samples are used in our oscillation analysis:

• Fully-contained single ring e-like events

• Fully-contained multi-ring CC e-like events

• Fully-contained single ring µ-like events

• Fully-contained multi-ring µ-like events

• Partially contained events

• Upward-going muons

Neutral current events are not included since they do not provide any information for a

νµ − ντ oscillation analysis. But we will see that neutral current enhanced samples are

helpful in the sterile neutrino analysis which we will discuss in next chapter.

5.1.1 Data binning

Examining the survival probability formula Eq. ??, the constraint on the mixing angle term

sin2 2θ is mainly decided by available statistics. The mass-squared difference is coupled
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with L/E, which means the better resolution on L/E, the better constraint we gain on

∆m2. Zenith angle oscillation analysis has the advantage that it can utilize all the neutrino

events to provide the best constraints on the mixing angle. In this analysis, pathlengths

and energies of parent neutrinos are not reconstructed because the reconstruction can not

be applied to some of the data samples, like Upµ, or the reconstructed L and E are not

correlated to the true values, like low energy multi-ring FC events.

Pathlength of a neutrino is determined by the production height and the zenith angle.

The experimental variable which is the most closely correlated to the pathlength of the

parent neutrino is the reconstructed zenith angle (θrec) of the event. The reconstructed

direction of an event is decided based on the event type and reconstruction information:

For FC single ring events, the reconstructed ring direction is the event direction; For FC

multi-ring events, the total reconstructed momentum defines the event direction; For PC

and Upµ events, directions of the leading muons define the event directions. We bin all

neutrino events into 10 zenith angle bins based on cos θrec value.

For contained neutrino events, i.e. FC and PC events, the experimental variables which

are the most closely correlated to the parent neutrino energy are the visible energy or the

total reconstructed momentum depending on the event types. Binning is carried out based

on the logarithm of the reconstructed momentum or the visible energy. For PC events, in

order to further improve the energy resolution, we separate the PC stopping events and

the PC through-going events by comparing the expected OD hits and the observed OD

hits [102]. The PC stopping and PC through-going events separation was made possible

after the OD Monte Carlo was improved by tuning some of the simulation parameters. The

tuning process is recorded in Appendix A.

For Upµ events, because the neutrino interactions happen in the Earth, there is no

good correlation between the parent neutrino energy and the energy deposited in Super-

K detector. However, the three categories of Upµ samples do statistically correspond to
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Figure 5.1: Binning strategy for the oscillation analysis

neutrinos with different typical energies. No further binning is done for Upµ events in

terms of energies.

SK-I and SK-II data are binned in the same fashion. Figure 5.1 shows the energy

binning for different SK samples. In total, we have 760 bins combining SK-I and SK-II

data samples.

5.2 Oscillation Analysis

A least chi-square method called “pull method” [107] is used to extract the mixing param-

eters out of the data. The chi-square is defined as follows:

χ2 =
n∑

i=1

2(N exp
i − Nobs

i + Nobs
i ln

Nobs
i

N exp
i

) +
m∑

j=1

(
εj
σsys

j

)2. (5.2)

Here, Nobs
i is the number of observed events in the ith bin, σsys

j is the jth systematic

uncertainty, εj is the pull value on the j th systematic uncertainty, N exp
i is the expected
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number of events in the ith bin, and n and m are number of data bins and number of

systematic uncertainties respectively. In total, for νµ−ντ oscillation analysis, there are 760

data bins as shown in the previous section and 70 systematic terms recorded in previous

chapters.

Among the systematic uncertainties, as we shown in previous chapters, there are 14

neutrino flux uncertainties recorded in Table 2.1; there are 12 neutrino interaction related

ones which are the same for SK-I and SK-II recorded in Table 3.2; there are 12 detector

related systematic uncertainties which are different between SK-I and SK-II recorded in

Table 3.1, Table 4.1 and Table 4.2; and there is one solar activity term recored in Table 2.1

which has the same uncertaity value but different pulls for SK-I and SK-II. The effects of

the systematic uncertainties on the expected number of events in each bin are taken into

account in the following way:

N exp
i = (1 +

m∑

j=1

f i
jεj)N

exp0
i

Here, Nexp0
i is the predicted of number of events in the ith bin without considering the

systematic uncertainties and f i
j is the response coefficient of the number of the events

in the ith bin with respect to the j th systematic uncertainty. N exp0
i is calculated in the

following way:

N exp0
i = Nnosc

i Psurvival, (5.3)

where Nnosc
i is the predicted number of events without considering oscillation and Psurvival

is the neutrino survival probability. And f j
i is evaluated using MC method.

To find the parameters minimizing the χ2, the solutions to the pull terms can be ob-
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tained by taking ∂χ2/∂εk = 0:

∑n
i=1 Nobs

i f i
k∑m

j=1(εjf
i
j + 1)

− εk
σsys

k

=
n∑

i=1

f i
kN

exp0
i . (5.4)

Keeping only the linear terms of 1/
∑m

j=1(εjf
i
j + 1), since we expect εi’s are small, this

non-linear equation is transfered into a linear equation and can be solved by inverting a

m × m matrix. However, such a procedure does not apply to the mixing parameters. So,

we prepare a grid in the mixing parameter space and solve the linear equation set at each

grid point for the pulls εi. The grid point with the minimum chi-square values gives the

best-fit values for the mixing parameters.

5.3 Results and Discussion

Based on the previous experimental results of Super-K, the parameter space we choose for

the νµ − ντ oscillation analysis is sin2 2θ ∈ [0.7, 1.2] and log∆m2 ∈ [−3,−2] with the

unit of ∆m2 as eV2. The parameter space is divided into 201× 201 points uniformly. The

best-fit values are sin2 2θ = 1 and ∆m2 = 2.5 × 10−3eV2.

Figure 5.2 shows the best-fit zenith angle distributions. We see that the νµ − ντ os-

cillation accounts well for the missing muon neutrinos. Figure 5.3 shows the chi-square

contours corresponding to 68%, 90% and 99% confidence levels respectively and Fig. 5.4

shows the χ2 behaviors around the best-fit values of sin2 2θ and ∆m2.

At 68% confidence level, the allowed parameter space is sin2 2θ > 0.95 and 2.2 ×

10−3eV 2 < ∆m2 < 2.7 × 10−3eV 2. The chi-square value at the best-fit point is 848 with

the number of degrees-of-freedom (dof ) 755. Due to the fine binning we adopted, many

of the bins have very small number of entries. Thus, the p − value corresponding to this
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Figure 5.2: Chi-square contours on the ∆m2 − sin2 2θ parameter plane for νµ − ντ mixing
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Figure 5.3: Chi-square contours on the ∆m2 − sin2 2θ parameter plane for νµ − ντ mixing
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chi-square value should be calculated via Monte Carlo instead of assuming a chi-square

distribution with dof = 755. A custom toy MC program is designed by assuming each

bin follows a Poisson distribution with the Poisson parameter λ equals to the expected

number of entries. Our simulation shows that the p − value is 18% for the least χ2 value

we obtained.

Figure 5.5 shows the pull term distributions. It follows a Gaussian distribution, which is

expected [107]. A Gaussian fit gives the mean µ = 0.04 and the standard deviationσ = 0.4.

In Ref. [107], a Gaussian distribution with a standard deviation of 1 is expected in prin-

ciple. However, due to the fact that we are generally conservative on some systematic

uncertainties, the Gaussian distribution for the pulls we obtained here has a smaller stan-

dard deviation.
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Figure 5.5: The distribution of normalized pulls with its Gaussian fit results



Chapter 6

Constraints on Sterile Neutrinos

Mass induced neutrino oscillations have been widely accepted in recent years as experi-

mental evidence accumulates [15, 35, 108, 36, 6]. The analysis we did in the last chapter

is based on this theory, and indeed, the model fits the observation very well. However,

whether there are sterile neutrinos (νs) involved in neutrino oscillations is of both experi-

mental and theoretical interests. There are observations which are in favor of the existence

of sterile neutrinos, for example: if there are sterile neutrinos, the LSND anomaly could be

explained assuming the existence of sterile neutrinos [104, 109]; supernova rapid neutron

capture process (r-process) problem can be solved [110, 111]. Theoretically, a simple way

to give neutrino mass is to have Dirac right-handed neutrinos which are SU(2) singlet thus

must be sterile [21, 22].

Previous studies using 1100 live days of SK-I data rejected the νµ − νs oscillation

at 99% confidence level [112]. In this chapter, using the pull method described in the

previous chapter and the complete SK-I and SK-II data sets, we design a systematic way

to do model comparison to test which model explains SK data better. We will also study

how much admixture of sterile neutrinos is allowed in the atmospheric neutrino oscillation.

73
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6.1 Comparison of νµ − ντ and νµ − νs oscillations

6.1.1 Signatures of νµ − νs oscillation

For the two competing models, νµ−ντ and νµ−νs, though the 2nd neutrino is not identified,

there are some signatures for us to tell two oscillations apart. Firstly, sterile neutrinos do

not interact with matter at all so they do not even make any neutral current signals in SK

detector; secondly, because the potentials experienced by νµ and νs in matter are different,

matter effect modifies the survival probabilities of muon neutrinos, as we described in

Chapter 1.

To utilize the first signature, we need to identify the neutral current events. For a water

Cherenkov detector, by identifying the π0 particles which are produced in neutral current

single-pion neutrino reactions, neutral current events can be enriched quite well [113].

However, in order to keep as many events as we can, we do not adopt the tight cuts in

Ref. [113]. As we will see later, even without the tight cuts in Ref. [113], the neutral

current enhanced events based on the less restricted cuts defined below can differentiate

two models quite well already. For sub-GeV events, the cuts we use to enhance neutral

current events are:

• Multi-ring events: π0 particles produced in neutral current reactions produce two

e-like rings.

• The most energetic ring is e-like: this cut is chosen to get rid of CC νµ events.

• 400 MeV < Evis < 1330 MeV: this cut is chosen to guarantee certain directional

information of the parent neutrinos.

As for the multi-GeV samples, we simply use the left-over events after enhancing the

charged current enhanced events using the likelihood method developed in the previous
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Figure 6.1: Zenith angle distributions of neutral current enhanced samples. Left: sub-GeV;
right: multi-GeV

Table 6.1: Portions of NC and CC events in the NC enhanced data samples
NC events CC νµ CC νe

Sub-GeV sample 37% 22% 41%
Multi-GeV sample 24% 35% 41%

chapter.

After applying these cuts, we have the zenith distributions of neutral current enhanced

samples shown in Fig. 6.1. The hatched areas are neutral current events based on the

Monte Carlo simulation. The percentages of neutral current events and charge current νµ

contaminations are shown in Table 6.1.

The second signature of νµ − νs oscillation is the matter effect. To have a quanti-

tative idea about the matter effect experienced by νµ − νs oscillations for atmospheric

neutrinos, we calculate the survival probability of muon neutrinos crossing the Earth us-

ing the method described in Chapter 1 and the Earth density profile provided by PREM

model [114]. As we can see from Fig. 6.2, for atmospheric neutrinos, the oscillation prob-

ability is indeed suppressed by the matter effect around and above 10 GeV.
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Figure 6.2: Survival probabilities of muon neutrinos crossing the Earth

6.1.2 Best-fits of two models

We now have both charged current and neutral current enhanced data samples to do the

oscillation analysis. Considering that the uncertainty on total number of multi-ring e-like

events is relatively big, we give neutral current enhanced an independent flux normaliza-

tion, just like we did for the charged current enhanced e-like events. As for the binning

of these neutral current enhanced samples, the sub-GeV neutral current events are treated

as one energy bin. The multi-GeV sample is divided into 4 energy bins based on log Evis

values since the parent neutrinos have wider energy spread. Both samples are divided into

10 zenith angle bins based on the reconstructed event direction.

Using the same least chi-square method, we perform a νµ − ντ oscillation using both

CC and NC data samples. The same best-fit values for the mixing parameters are obtained.

However, the goodness-of-fit is worse compared to the results based on CC samples only.

The minimum chi-square is 971.2 with a number of degree-of-freedom 853. Using the

same toy Monte Carlo procedure, we found the p−value is 7.3%. Figure 6.3 shows the chi-

square confidence contours. As for the νµ − νs oscillation, we simply replace the Psurvival

for muon neutrinos in Eq. 5.3 with a routine which has the matter effect implemented.

Maximal mixing is still preferred by νµ − νs oscillation as shown in Fig. 6.4. However,

the ∆m2 value is driven up a bit, 3.5 × 10−3eV2. This is because, as we argued in the

previous sub-section, the survival probabilities of νµ−νs oscillations are suppressed, thus,
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Figure 6.3: χ2 contours of νµ − ντ oscillation (with NC enhanced samples)

in order to fit the Super-K data, the best-fit value of ∆m2 is increased to compensate for

this suppression, which is also why the constraint on mixing angle is tighter than the νµ−ντ

case. The chi-square value at the best-fit point is 1023.6 with the same number of degree-

of-freedom, which is much worse than νµ − ντ model. The difference 52.4 corresponds to

a 7.2σ exclusion level for the pure νµ − νs model.

Figure 6.5 shows the comparison of best-fit zenith angle distributions. For many bins

of the data sample, the νµ − νs model reproduces SK observation as well as the νµ − νs

model. However, for sub-GeV neutral current enhanced events, PC through-going events,

upµ stopping events and non-showering µ events, the νµ − ντ model fits the data better

than the νµ − νs model. Table 6.2 shows the detailed chi-square differences for different

categories of events. The ∆χ2 from data bins is 38.3. And Fig. 6.6 shows the comparison

of the distributions of the pull terms. The pull term distribution of the νµ −νs oscillation is
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Figure 6.4: χ2 contours of the νµ − νs oscillation (with NC enhanced samples)

wider than the νµ − ντ one, which is another sign that νµ − ντ oscillation is a better model

accounting for the atmospheric neutrino data. Pull terms contribute 14.1 to the chi-square

difference out of the total difference 52.4.

The νµ − νs model can not reproduce sub-GeV neutral current enhanced events as well

as the νµ − ντ model. The νµ − ντ model expects the data fairly flat which is what we

observe. However, for the νµ − νs model, the loss of neutral current events makes the

expected distribution tilted toward upward going bins where muon neutrinos oscillate into

sterile ones.

As we showed in Fig. 6.2, around the atmospheric ∆m2 scale, the strongest matter

effect happen around 10 GeV. The typical energy of PC through-going events, Upµ stop-

ping events and non-showering µ events is around this scale, which is why these events

can differentiate the two models better than other types of neutrino events. We also see
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Figure 6.5: Comparison of the best-fit zenith angle distributions of νµ − ντ and νµ − νs

oscillations

Table 6.2: Chi-square difference breakdown (∆χ2 = χ2
νµ−νs

− χ2
νµ−ντ

)
Data Samples Bins (SK-I+SK-II) χ2

νµ−νs
χ2
νµ−ντ

∆χ2

Single ring sub-GeV e-like 50+50 104.8 104.0 0.8
Single ring multi-GeV e-like 50+50 108.6 110.7 -2.1
Multi-ring multi-GeV CC e-like 50+50 86.6 85.8 0.8
Single ring sub-GeV µ-like 50+50 104.9 106.1 -1.2
Single ring multi-GeV µ-like 30+30 64.8 66.8 -2.0
Multi-ring µ-like 40+40 79.3 75.5 3.8
NC-enhanced sub-GeV events 10+10 19.5 14.5 5.0
NC-enhanced multi-GeV events 40+40 105.7 104.5 1.2
PC stopping µ 40+40 128.7 125.8 2.9
PC through-going µ 40+40 114.4 102.1 12.3
Upward stopping µ 10+10 21.1 14.1 7.0
Upward non-showering µ 10+10 28.1 16.9 11.2
Upward showering µ 10+10 24.5 25.0 -1.5
TOTAL 430+430 991.1 952.8 38.3
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Figure 6.6: Distributions of the normalized pull terms of νµ − ντ and νµ − νs oscillations

that though neutral current enhanced events help to tell two models apart, it is mainly the

matter effect that distinguish two models due to the advantages such as long baselines,

high energies and high matter densities that atmospheric neutrinos possess compared to

long baseline experiments.

6.2 An admixture model

Compared to νµ − ντ oscillation, the fact that the νµ − νs oscillation is excluded at 7.2σ

level does not mean that there is no involvement of sterile neutrinos in Super-K atmo-

spheric neutrino oscillations. It is still possible that a certain portion of muon neutrinos are

oscillating into sterile neutrinos besides the dominating νµ−ντ oscillation. In this section,
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we will study a case of the admixture of sterile neutrinos.

In the case of 2+2 mass hierarchy shown as the diagram in Fig. 6.7, according to

G. L. Fogli et. al. [115], based on the current experimental results, the four flavor mixing

can be transformed into two 2-flavor mixings by constructing two superposition states of

ντ and νs in the following way:




ν+

ν−



 =




cos ξ sin ξ

− sin ξ cos ξ








ντ

νs



 .

For the atmospheric sector, the oscillation now is between νµ and ν+which is a superposi-

tion state: cos ξ|ντ〉+sin ξ|νs〉. Thus, the portion of sterile neutrinos is sin2 ξ. Accordingly,

the matter effect strength is weaken by a factor of sin2 ξ. Now, we have 3 parameters in our

oscillation: the mixing angle between |νm3〉 and |νm4〉, ∆m2 = m2
4 − m2

3 and the portion

of sterile neutrinos sin2 ξ. Since the maximal mixing is a very strong constraint, we are

going to assume maximal mixing in our analysis, i.e. sin2 2θ = 1.

Using the same least chi-square framework, the best-fit is sin2 ξ = 0 which means

Super-K data prefer zero amount of sterile neutrino involvement, see Fig. 6.8. However, at

90% C.L., we do allow 23% of sterile neutrino admixture. Compared to the limit of 67%

at 90% C.L. set by Fogli et al in Ref. [115] using the published Super-K data, our limit

using the complete SK-I and SK-II data sets is much more stringent.
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Figure 6.8: The νs admixture allowance



Chapter 7

Violations of Lorentz Invariance and

CPT

The mixing of mass eigenstates is not the only physical origin of neutrino oscillation as

pointed out in by Coleman and Glashow [44] and Kostelecky et. al. [45], Lorentz Invari-

ance Violation (LIV) and CPT symmetry violation (CPTV) can also cause neutrinos to

oscillate even they are massless.

In addition to the possibility of explaining current observations, it is also of theoretical

importance to test the limits of those two fundamental symmetries [44, 116]. Lorentz

Invariance and CPT symmetry have been long considered as fundamental laws of na-

ture [117, 118, 119, 120] and serve as the corner stones of the quantum field theory. It

is not completely clear that those symmetries will remain perfectly unbroken at all ener-

gies. Some quantum gravity theories predict that LIV and CPTV might happen at Planck

scale, MP ∼ 1019GeV. Thus testing the limits of their validity is a way to explore new

physics beyond the Standard Model [44, 121, 116, 122, 123]. Neutrino oscillation, as a

natural interferometer, is a promising method to test the low energy effects of LIV and

CPTV.
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7.1 An overview LIV and CPTV

LIV and CPTV are expected in some Planck scale theories through spontaneous symme-

try breaking mechanism [44, 124, 125] or topological defects [126]. A. V. Kostelecky

et. al. set up a general framework of LIV and CPTV called the Standard Model Exten-

sion (SME) [124] to study the possible observational effects at low energies. By treating

the SM as a low energy effective theory of underlining fundamental physics, all the pos-

sible Lorentz symmetry breaking terms are added into the SM Lagrangian using the SM

fields and gravitational fields.

Lorentz invariance is intimately related to CPT symmetry as stated in the CPT theo-

rem [117, 118, 119, 120]: for a local field theory, Lorentz invariance leads to CPT symme-

try. While breaking CPT symmetry naturally causes Lorentz invariance violation, which

is proven in [127]. To generate neutrino oscillation effects, it turns out that the minimal

renormalizable version of SME [44, 123] is sufficient. The “minimal” SME (mSME) only

has a CPT-violating term and a CPT-conserving but LIV term in addition to the original

Standard Model terms:

LmSME = −(aL)µABL̄Aγ
µLB +

1

2
i(cL)µνABL̄Aγ

µ
↔
Dν LB, (7.1)

where the first term is CPT-odd and the second term is CPT-even. LA/B , A and B run

over the three generations e, µ, and τ , are the left-handed SU(2) doublet fields, D is the

covariant derivative, and the CPTV coefficients aL and the LIV-only coefficients cL arise

from spontaneous symmetry breaking of more fundamental theories.

From the perspective of experimental observation, the LIV phenomena can be cate-

gorized into rotationally symmetric and rotationally asymmetric cases. We will study the

rotational symmetric cases by keeping only the temporal components of those two inter-
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action terms. Also, in this study, we always confine ourselves within two generations, νµ

and ντ .

Under these considerations, the effective Hamiltonian in the flavor basis is:

(Heff)AB = |0p|δAB +
1

|0p|
(
(aL)0ABp0 − (cL)00ABp0p0

)
.

Two 2 × 2 matrices (aL)0AB and (cL)00AB , where A and B are generation indices, are

not necessarily diagonal in the flavor basis. First, let us consider the matrix (cL)00AB .

Diagonalizing it by rotating the neutrino fields by θc gives two eigenvalues, ca and cb, and

two eigenstates, |νa〉 and |νb〉. In this new basis, if neutrinos are massless, the Hamiltonian

then becomes:

(Heff)ab = pc +




ca 0

0 cb



 p.

The energies of the two eigenstates are

Ei = pc + pci = p(c + ci), i = a, b.

This can be interpreted as that two eigenstates have different speeds of light “c”, i.e. neu-

trinos travel at slightly different speeds in vacua. Those two eigenstates are defined as

Maximal Attainable Velocities (MAV) [128, 44] eigenstates, which can be viewed as the

energy eigenstates at infinite momentum for massive particles. Flavor eigenstates are su-

perpositions of MAV eigenstates and vice versa:
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|νµ〉 = cos θc|νa〉 + sin θc|νb〉

|ντ 〉 = cos θc|νa〉 − sin θc|νb〉
,

where θc is the mixing angle between two different MAV eigenstates, |νa〉 and |νb〉. We

define cTT = ca − cb; without loss of generality, we can always assume cTT > 0. The

survival probability of muon neutrinos after traveling a distance L is:

Pνµ→νµ = 1 − sin2 2θc sin2(cTT LE/2) . (7.2)

A more general formula of this form is discussed in Ref. [129], which considers the energy

dependence of the LIV effect. Ignoring neutrino mass, the survival probabilities of muon

neutrinos are as follow:

Pνµ→νµ = 1 − sin2 2θc sin2(κLE−α) . (7.3)

Where real number α is from the energy dependence effect of LIV, and the Planck scale,

MP , is already absorbed into κ which has dimension of energy to the power of α−1. This

formula will also address the case of CPTV-induced oscillation when α = 0, as we will

discussion later.

With the analysis framework established in the previous chapter, we can easily test

how well this model fits our observation using the Super-K atmospheric neutrino data.

The parameter space here is spanned by sin2 2θc, κ and α. Using the charged current data

samples, the best-fit parameters are: sin2 2θc = 1, κ = 4.8 × 10−3 eV0.16, and α = 1.16.
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Figure 7.1: Allowed regions for parameters κ and α

Projecting the chi-square onto κ − α plane, Figure 7.1 shows the allowed regions of the

parameters at confidence levels of 68%, 90% and 99%. To better examine the effect of

energy dependence, the chi-square vs. α plot is shown in Fig. 7.2.

For the oscillation of the format L × E, the chi-square value is 1060. Compared to

standard L/E oscillation, L × E type oscillation is strongly disfavored. At 68% C.L.,

0.95 < α< 1.30. Clearly, Super-K observation favors the standard L/E oscillation.

Now let us examine the effect of matrix (aL)0AB . The effective Hamiltonian in the

basis of diagonalizing (aL)0AB is:

(Heff)ab = pc ±




aa 0

0 ab



 .

Thus, the CPTV-breaking term will produce neutrino oscillation of the form ∆aL, where
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∆a = aa − ab and aa and ab are the two eigenvalues of (aL)0AB. This oscillation is

energy independent. Obviously, this is not the case we observe at Super-K. As shown

in Fig. 5.2, the difference between the null oscillation prediction and the observation has

a clear energy dependence. Also shown in Fig. 7.2, the α = 0 case, which is the ∆aL

oscillation, is strongly disfavored.

We then can ask the question: how much LIV and CPTV could be allowed in the

Super-K atmospheric observation? We will address this issue in the following sections.

7.2 Allowed limits on LIV parameter

From the analysis in the last section, we see that it’s unlikely for LIV alone to explain the

atmospheric neutrino observation. However, if we consider the LIV-induced oscillation as
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a sub-dominant effect in addition to the mass-induce oscillation, the survival probability

becomes:

Pνµ→νµ = 1 − sin2 2Θ sin2(ΩL/4),

where,






Ω sin 2Θ = |∆m2 sin 2θ/E + 2cTT eiηE sin 2θc|

Ω cos 2Θ = ∆m2 cos 2θ/E + 2cTT E cos 2θc
.

In this expression, ∆m2 and θ are the mass eigenstate mixing parameters as usual and η

is the phase difference between two mixing matrices of the mass eigenstates and the MAV

eigenstates.

Considering the two cases, η = 0 and η = π, assuming the best-fit mass eigenstate mix-

ing parameter values based on Super-K atmospheric neutrino data, ∆m2 = 2.5×10−3eV2

and sin2 2θ = 1, we can test the limits allowed by Super-K atmospheric neutrino obser-

vation on the Lorentz invariance violating parameter cTT . Using the chi-square analysis

framework set up in Chapter 5, we can find the best-fit values in the parameter space

spanned by sin 2θc and cTT .

In the η = 0 case, the best-fit values are sin2 θc = −0.12 and cTT = 5 × 10−25.

Chi-square contours corresponding confidence levels 68%, 90% and 99% are shown in

Fig. 7.3. We note that we obtain non-zero values for LIV parameters, sin 2θv = −0.12 and

cTT = 0.5 × 10−24. However, the zero value is within the first sigma level. At 90% C.L.,

the allowed LIV limit is: cTT < 1.2 × 10−24. In the η = π case, chi-square contours

are shown in the right panel of Fig. 7.3. The best fit point is at sin 2θv = −0.02 and
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Figure 7.3: Chi-square contours of LIV. Left: η = 0; Right: η = π

cTT = 0.6 × 10−24. At 90% C.L., the allowed LIV limit is: cTT < 1.3 × 10−24.

7.3 The violation of CPT symmetry

7.3.1 Testing the LSND mass squared splitting scale

One ad hoc way to reconcile the anomalous LSND result [104] with other experiments is

to allow neutrinos and anti-neutrinos have different mass squared splittings [130], which

will violate CPT symmetry. As the conversed of the CPT theorem [117, 118, 119, 120],

CPTV naturally leads to LIV and Ref. [127] provides a detailed proof.

Super-K atmospheric neutrinos, as we described in Chapter 2, have both neutrino and

anti-neutrino components. It is not possible for the Super-K detector to identify the inci-

dent neutrino is neutrino or anti-neutrino event by event. However, due to the facts that

neutrinos and anti-neutrinos have different fluxes, different interactions, and different fi-

nal state particles, Super-K is able to see a statistical effect if neutrinos and anti-neutrinos

have different mass squared splittings. Early work done by M. Messier on this topic can

be found in Ref. [131].

Assuming maximal mixing for both neutrinos and anti-neutrinos, MC simulated zenith

angle distributions are generated for different mass squared splittings for neutrinos and
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by∆m2 = ∆m̄2.

anti-neutrinos and compared with the observation using the least chi-square method de-

scribed in the last chapter. Figure 7.4 shows the contour plot of the least chi-square on the

plane of ∆m2 −∆m̄2.

The best-fit values of the minimum chi-square point is ∆m2 = 3.7 × 10−3eV 2 and

∆m̄2 = 1.5 × 10−3eV 2. Shown in Fig. 7.4, the 90% confidence level contour covers

part of the equal line of neutrino and anti-neutrino mass squared splittings. It is clear that

Super-K atmospheric observation has no indication of the LSND scale for anti-neutrino

mass squared splitting.
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7.3.2 Allowed limits of CPTV

As we see in Sec. 7.1, it is unlikely that Super-K atmospheric observation can be explained

by the massless neutrino oscillation induced by the temporal component of the CPTV

term in the minimal Standard Model. The scale of the LSND mass squared difference is

excluded by Super-K observation. Seeing these facts, even if CPT had been violated, it

would have be a sub-dominant effect.

Considering the eigenstates defined by the CPT-odd interaction (aL)0ABL̄Aγ0LB same

as the mass eigenstates [132], the dispersion relation including this CPTV interaction is as

follows:

Ei = p +
m2

i

2p
± ai, (7.4)

here ai, i = 1, 2, is the eigenvalue of the matrix (aL)0AB and “±” signs corresponds to

neutrinos and anti-neutrinos. Without losing generality, we can define ∆a ≡ a1 − a2,

assuming a1 > a2. The survival probability of muon neutrinos (anti-neutrinos) becomes:

pνµ/ν̄µ→νµ/ν̄µ = 1 − sin2 2θ sin2

(
∆m2L

4E
± ∆aL

2

)
. (7.5)

Where “+” and “-” correspond to neutrino and anti-neutrino oscillations respectively. This

CPTV model allows neutrinos and anti-neutrinos to have different mass squared split-

tings (by absorbing ±∆a into ∆m2

4E ), which is the ad hoc model we studied in Sec. 7.3.1

by requiring that the deviations of the mass squared splitting of of neutrinos and anti-

neutrinos from the best-fit value are same. Equation 7.4 enables us to study the allowed

limit of CPTV by treating it as a sub-dominant effect in addition to the dominant mass-
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Figure 7.5: Chi-square contours considering CPTV as a sub-dominant effect

induced oscillations. We can assume the mixing is still maximal for this model and the

parameter space is spanned by ∆m2 and ∆a. Using Eq. 7.5 to produce MC zenith angle

distributions and to compare with Super-K atmospheric data, the chi-square contour plot

on the ∆m2 −∆a plane is shown in Fig. 7.5.

The best-fit value of ∆a is 0, which means the standard νµ − ντ is recovered. At

90% C.L., the limit on the temporal component of the CPTV violating interaction is ∆a <

1.05 × 10−23GeV.

7.4 Discussion

The Standard Model Extension has all the possible terms breaking Lorentz invariance and

CPT symmetry, which provides an ideal model to test the low energy effects of LIV and

CPTV. Different types of experiments are sensitive to different types of effects. For ex-

ample, due to the fact that atmospheric neutrinos come from all directions, they are not

so advantageous on testing directional LIV effects. Baseline experiments with neutrino
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beams with well-defined directions are suitable for testing such effects [133]. However,

the wide energy coverage of atmospheric neutrinos gives Super-K advantages for testing

effects sensitive to high energies.

As comparisons, the LSND experiments limit on aL-type SME coefficients is of order

10−19 GeV and the limit on cL-type is of order 10−17 [133]. By using the complete data

sets of SK-I and SK-II and treating LIV as sub-dominant effect of mass-induced neutrino

oscillations, we are able to provide a better limit on cTT than the one set in Ref. [134],

which uses published Super-K oscillation analysis results and sets a limit cTT < 6×10−24

at 90% C.L. The limit on cTT set by Gonzalez-Garcia and Maltoni in Ref. [135] using both

Super-K and K2K data is 0.81 × 10−24, which is slightly better than our limit. However,

our limit on ∆a is better than the one set by Gonzalez-Garcia and Maltoni, which is ∆a <

3.2 × 10−23GeV at 90% C.L. Besides the different data sets, the main difference between

the analysis in Ref. [135] and ours is that our analysis has more systematic uncertainty

terms and their effects on the data bins are simulated using Monte Carlo method, while the

study by Gonzalez-Garcia and Maltoni is based on a smaller set of systematic uncertainties

and the “coupling” factors, i.e. the response factors we defined in Chapter 5, are calculated

with a more coarse binning. The Super-K limit on cTT is of the same order of the limit set

by the MACRO experiment, which is 6 × 10−24 at 90% C.L.

Compared to other types of experiments, limits on LIV and CPTV from neutrino ex-

periments are quite comparable and sometimes even better. Based on the cosmic ray spec-

trum, limits on the deviation of MAV from the speed of light, i.e. |1 − c|, can be set.

<∼ 10−24 −10−15 depending on the particles species and details of the analysis [44, 136];

based on nuclear magnetic resonance frequencies, authors of Ref. [44] interpret the results

from Ref. [137] as a limit of 3 × 10−22 on this deviation. As for the limit on CPTV, the

K0 − K̄0 system gives a limit of mK0 − mK̄0 < 0.44 × 10−18 GeV [138]. According to

Barger et al [132], data from g − 2 experiment can be analyzed to probe a0
L to the orders
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of ∼ 10−22 − 10−25 GeV.



Chapter 8

Neutrino Decay and Neutrino

Decoherence

Due to the limited energy and angular resolutions of the Super-K experiment, models pre-

dicting “vanishing neutrinos” caused either by neutrino decoherence or by neutrino decay

can produce effects which are similar to neutrino oscillations. Testing whether such mod-

els could explain what we observe at Super-K is obviously importrant. On the other hand,

both neutrino decoherence and neutrino decay require new physics beyond the Standard

Model. With the wide energy and pathlength coverage, Super-K atmospheric neutrino data

samples are in an advantagous position to test the effects of these new physics.

The neutrino decoherence phenomenon is due to the dissipative interaction of a neu-

trino system with an environment [139, 50, 48, 49, 46]. While the neutrino decay models

we consider here are based on the assumption that the neutrino mass eigenstates could be

unstable [140, 141, 51]. Although the physics behind the two theories are quite different,

at the experimental level for Super-K, the expected observations and the techniques to test

their validity and limits are very similar — they both cause the disappearance of neutrinos

instead of oscillation.

96
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8.1 Neutrino decoherence

Neutrino decoherence may arise when we consider a neutrino system couples to an envi-

ronment. It could be due to the small violations of quantum mechanics caused by quantum

gravity effect [139, 50, 46, 142], a very large neutrino background [48, 49], or flavor depen-

dent interactions into extra dimensions [48]. If the coherence lengths of muon neutrinos

are less than the diameter of the Earth due to the presence of those possible dissipative

interactions, similar effects to neutrino oscillation would be observed at Super-K — the

amount of observed muon type neutrinos is less than predicted. In this section, we test

whether neutrino decoherence could be accounted for the Super-K atmospheric neutrino

zenith angle distributions.

The coupling to the environment produces mixed quantum states so a Schödinger equa-

tion description for the system is not possible any more, and we are forced to use the Li-

ouville equation instead. Let ρ(t) be the density matrix which is Hermitian and tr[ρ] = 1 ,

then the Liouville equation is:

dρ

dt
= −i[Hm, ρ]. (8.1)

In the case of a two neutrino flavor system, i.e., a two-level system, the Hamiltonian of

the system is Hm = 1
2E diag{m2

2, m
2
3}. Solving the evolution equation 8.1 and computing

tr(|νµ〉〈νµ|ρ(t)) gives the survival probability of the muon neutrinos.

The decoherence effect can be put into the evolution equation in the following fash-

ion [46]:

dρ

dt
= −i[Hm, ρ] −D[ρ]. (8.2)
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The dissipative interaction term D[ρ] leads the transitions of the system from pure to mixed

states. Operator D has the dimension of an energy, and its inverse defines the typical

coherence length of the quantum system.

Although the physics behind the term D[ρ] could have different origins, there are cer-

tain phenomenological requirements it has to meet in order to make the model physical.

The first general one is the so-called complete positivity — the mapping from ρ(0) to ρ(t)

must be linear, Markovian, and trace-preserving. With this requirement, D[ρ] must be of

Lindblad form [46]:

D[ρ] =
n∑

a=1

(
{ρ, D†

aDa}− 2DaρD
†
a

)
. (8.3)

Where Da’s are Lindblad operators arising from averaging away environment dynamic.

It is also natural to require that the von Neumann entropy S = −tr(ρ log ρ) increases

with time monotonically and the conservation of the statistical average of the energy of

the system, i.e., d
dttr(Hmρ) = 0, which requires Da’s are Hermitian and [Hm, Da] = 0

respectively. For a two-level system, Da can be expanded in terms of Pauli matrices,

Da = 0da · 0σ , where da’s are real and the dimension is the square root of an energy. With

those three requirements, after some algebra, [46, 47], the survival probability of muon

neutrinos with energy E after traveling a distance L can written as:

Pνµ→νµ = 1 − 1

2
sin2 2θ(1 − e−γL cos

∆m2L

2E
). (8.4)

Where γ =
∑n

a=1 d2
a has the dimension of energy and it’s the coherence length of the

system under the influence of the environment dynamics. When the coherence length

1/γ goes to infinity, the survival probability reduces to the pure mass-induced expression
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Eq. 1.4.

However, the exact functional form of the parameter γ is not known but considering

the fact that Super-K atmospheric neutrino energy spectrum covers several magnitudes, it’s

certain that our data would be very sensitive to its dependence on the neutrino energy [46].

So, we will try three cases, n = −1, 0 and 2 for its power-law dependence on E, γ =

γ0(E/GeV )n suggested in [46].

8.1.1 A pure neutrino decoherence model

As pointed out in Ref. [46], in the case of γ ∝ 1/E, even without the contribution from

neutrino oscillation, neutrino decoherence can explain atmospheric neutrino data very

well. We will first test this pure neutrino decoherence model using SK-I and SK-II at-

mospheric neutrino data.

The survival probability in this pure decoherence case is:

Pνµ→νµ = 1 − 1

2
sin2 2θ(1 − e−γ0L/E). (8.5)

This situation may happen when two masses are very close to each other or degenerate.

Beside the different energy and pathlength dependence, it is obvious that neutrino decoher-

ence will have less neutral current events also due to the fact that neutrinos are just simply

“disappearing”. Thus, we will include the NC-enhanced data samples in our analysis also.

Using the same chi-square analysis formalism, replacing the survival probability for-

mula with Eq. 8.5, we are able to find the best values for parameters γ0 and sin2 2θ for this

pure decoherence model to reproduce the SK atmospheric neutrino zenith distributions.

Chi-square contours of 68%, 90% and 99% on the sin2 2θ − γ0 are shown in Fig. 8.1. The

best fit value for this model is: γ0 = 1.3 × 10−21GeV , sin2 2θ = 1, and the minimum

chi-square at the best-fit point is 987 with the number of degree-of-freedom 853.
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Figure 8.1: Chi-square contours on the sin2 2θ − γ0 plane

Compared to the minimum chi-square of the νµ − ντ oscillation model, which is 971

with the same number of degree-of-freedom, this pure neutrino decoherence model is ex-

cluded at confidence level of 4 σ.

Let us check which data samples are contributing to the chi-square difference. Ta-

ble 8.1 shows the breakdown of the chi-square difference, χ2
decoherence − χ2

νµ−ντ
. The

difference of the two models comes from the decoherence model being non-oscillatory.

Precisely speaking, we can not simply isolate the contributions from individual data sam-

ples since they are being analyzed together and thus correlated with one another. But still,

the samples that have the strongest oscillation behavior should prefer the νµ − ντ model,

while it would be harder for other samples to tell the difference. And, this is what we

see in the table. Multi-ring µ-like events, PC events, upward stopping muons and upward

non-showering muons provide the strongest preference to oscillation. Because of the bad

energy and angular resolutions of NC-enhanced multi-GeV events, the standard oscillation

does not account for their zenith angle distribution as well as the decoherence. Overall, the
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Table 8.1: Chi-square difference breakdown between the standard oscillation and the de-
coherence model (∆χ2 = χ2

decoherence − χ2
νµ−ντ

)
Data Samples Bins (SK-I+SK-II) χ2

decoherence χ2
νµ−ντ

∆χ2

Single ring sub-GeV e-like 50+50 104.50 104.06 0.44
Single ring multi-GeV e-like 50+50 110.15 110.75 -0.61
Multi-ring multi-GeV CC e-like 50+50 85.25 85.76 -0.51
Single ring sub-GeV µ-like 50+50 103.66 106.11 -2.44
Single ring multi-GeV µ-like 30+30 67.51 66.79 0.72
Multi-ring µ-like 40+40 81.34 75.49 5.85
NC-enhanced sub-GeV events 10+10 15.22 14.47 0.75
NC-enhanced multi-GeV events 40+40 101.44 104.51 -3.07
PC stopping µ 40+40 127.15 125.77 1.38
PC through-going µ 40+40 104.09 102.14 1.94
Upward stopping µ 10+10 17.79 14.08 3.71
Upward non-showering µ 10+10 18.37 16.86 1.51
Upward showering µ 10+10 25.90 25.97 -0.07
TOTAL 430+430 962.37 952.77 9.6

standard oscillation model explains the SK data better than the decoherence model. The

total chi-square difference from the data bins is 9.6.

The chi-square difference from pull terms is 7.4. Figure 8.2 shows the term by term

comparison of the pull values between the standard oscillation and the decoherence case.

For most of the systematic uncertainty terms, the decoherence model needs to pull them

more to fit the data. To see the overall effect, Fig. 8.3 shows their statistical comparison.

The decoherence pull terms follow a wider distribution than the standard νµ−ντ oscillation

model. This is another sign that the decoherence model is disfavored by our data. From

Fig. 8.2, we see the largest pull for the decoherence model is the 14th one, which is the

PC+Upµ sample-by-sample normalization factor. The decoherence model needs to “pull”

the PC+Upµ normalization factor down more than the standard oscillation model to fit the

data, which is because the exponential dependence of the survival probability on the L/E

value.
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Figure 8.2: Comparison of pull terms of νµ − ντ and decoherence

8.1.2 Allowed limits of neutrino decoherence

It is unlikely for neutrino decoherence alone to explain the SK atmospheric neutrino data

based on the model comparison study in Sec. 8.1.1. However, we can not eliminate the

possibility that neutrino decoherence indeed happens in atmospheric neutrino oscillations

as a sub-dominant effect. Then, survival probabilities of neutrinos will depend on both

neutrino oscillation and neutrino decoherence, shown in Eq. 8.4. By fitting Eq. 8.4 against

SK atmospheric neutrino data, the contribution of neutrino decoherence, assuming its ex-

istence, can be separated from neutrino oscillation. We will test three different kinds of

energy dependence, n = 0, 1, 2, of the decoherence factor γ = γ0(E/GeV )n as suggested

in Ref. [46].

The most trivial case, n = 0, assumes that decoherence is independent of neutrino

energy. The best-fit recovers the standard neutrino oscillation, i.e. γ = γ0 = 0 GeV2,

sin2 2θ = 1 and ∆m2 = 2.4 × 10−3eV 2. Projecting the chi-square onto ∆m2 − γ0

plane, confidence contours of 68%, 90% and 99% are shown in Fig. 8.4. At 90% C.L.,

γ0 can be as large as 0.76 × 10−23GeV. Compared to the limit set by Lisi et al is

γ0 < 3.5 × 10−23GeV [46] based on the published SK-I zenith angle distributions, our
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Figure 8.3: Comparison of pull terms of νµ − ντ and decoherence

limit is approximately 5 times better due to the fine detail allowed by our analysis and the

complete data sets of SK-I and SK-II.

The inverse energy dependence of γ, i.e. γ = γ0/(E/GeV ) is because we do not

expect to see different decoherence effects in different frames and L/E is Lorentz invari-

ant [46].

In this case, the best-fit gives a non-zero decoherence: γ0 = 8× 10−23GeV . As shown

in Fig. 8.5, this non-zero value of γ0 is consistent with zero. The best-fit values for the

mixing parameters are sin2 2θ = 1 and ∆m2 = 2.4 × 10−3eV 2 which are consistent with

the νµ − ντ best-fit values. At 90% C.L., γ0 < 0.61 × 10−21GeV. The limit set by

Lisi et al in Ref. [46] is γ0 < 2 × 10−21GeV. Again, our analysis based on the finely

binned experimental data gives a much better limit.

The third assumption for energy dependence of γ is inspired by the Planck scale

MP [46]. We generally believe that the low energy effects of Planck scale physics are

suppressed by MP . Considering that γ should have the dimension of an energy, the Planck



104

GeV)-23(10
0
*

0 0.5 1 1.5 2

)2
(e

V
2

m
%

-310

-210

Figure 8.4: Allowed decoherence limits for γ = γ0 case

GeV)-21(10
0
*

0 0.5 1 1.5 2

)2
(e

V
2

m
%

-310

-210

Figure 8.5: Allowed decoherence limits for γ = γ0/E case



105

GeV)-27(10
0
*

0 0.05 0.1 0.15 0.2

)2
(e

V
2

m
%

-310

-210

Figure 8.6: Allowed decoherence limits for γ = γ0(E/GeV )2 case

scale physics should be suppressed in the form of γ = γ0E2/MP . By absorbing MP into

γ0, we have γ = γ0(E/GeV )2 and we still keep [γ0] = 1 for convenience.

In this case, the best-fit also gives a non-zero decoherence effect: γ0 = 4× 10−29GeV .

As shown in Fig. 8.5, this non-zero value of γ0 is consistent with zero. The best-fit values

for the mixing parameters are sin2 2θ = 1 and ∆m2 = 2.4×10−3eV 2 which are consistent

with the νµ−ντ best-fit values. At 90% C.L., γ0 can be as large as 4.8×10−28GeV, which

is twice better than the limit of 9 × 10−28GeV set by Lisi et al in Ref. [46].

In conclusion, we do not observe any significant non-zero decoherence effects. How-

ever, Super-K data can provide very stringent limits which can restrict possible new physics

predicting neutrino decoherence effects. One thing we need to point out is that the decoher-

ence models here are purely phenomenological results without the details of fundamental

theories involved. They are very general, but it also means that these decoherence param-
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eters can only be interpreted given specific theories.

8.2 Neutrino decay

According to the mass-induced neutrino oscillation theory, flavor eigenstates are superpo-

sitions of mass eigenstates. However, there is no particular reason to consider the mass

eigenstates are stable [51, 141] and the decay of the mass eigenstates can be realized

through different theories described in Ref. [140, 141] and references therein.

In the atmospheric neutrino sector, the muon neutrino is a superposition of two mass

eigenstates: |νµ〉 = cos θ|ν2〉+sin θ|ν3〉, where |ν2〉 and |ν3〉 are mass eigenstates. Without

losing generality, we can always assume m2 > m3. If the |ν2〉 state is not stable and its

lifetime is τ , the survival probability of νµ is:

Pνµ→νµ = sin4 θ + cos4 θe−αL/E + 2 sin2 θ cos2 θe−αL/2E cos
∆m2L

2E
, (8.6)

where α = m2/τ is the experimental parameter we can test since we do not know the

value of either m2 or τ . This survival probability formula can have two simplified cases

based on two particular models:

1. If we assume ν2 → ν̄3 + J and J is a massless scalar, then it can be shown that

∆m2 must be greater than 0.73 eV 2 in order to satisfy the constraints from K →

µ+neutral particles decay [140]. Then, the term cos ∆m2L
2E averages to zero and

Eq. 8.6 is simplified into:

Pνµ→νµ = sin4 θ + cos4 θe−αL/E. (8.7)

2. If there exists a sterile neutrino and it does not mix with other neutrinos (or mix very
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and ν2 → ν̄4 + J , then the ∆m2 in Eq. 8.6 is not constrained any more and can be

very small. The survival probability becomes:

Pνµ→νµ = (sin2 θ + cos2 θe−αL/2E)2. (8.8)

We will first test how the two simplified cases explain the Super-K zenith angle distribu-

tions.

8.2.1 Comparisons between neutrino decay and neutrino oscillation

Using the same least chi-square framework described in Chapter 5, replacing the survival

probability Psurvival with Eq. 8.7 and Eq. 8.8, we can find the best decay parameters repro-

ducing Super-K data. The decay parameters we use are sin2 θ and α, here [α] = 2.

For pure decay case 1, Pνµ→νµ = sin4 θ+cos4 θe−αL/E , the best-fit values are sin2 θ =

0.04 and α = 1.5 × 10−21GeV2. The minimum chi-square is 1256.5 with dof = 853.

Figure 8.7 shows the chi-square contours on sin2 θ − α plane. Compared to νµ − ντ

oscillation, the minimum chi-square is larger by 285.3, which corresponds to an exclusion

level 16.9 σ. This type of decay is very unlikely to happen.

For pure decay case 2, Pνµ→νµ = (sin2 θ + cos2 θe−αL/2E)2, the best-fit values are

sin2 θ = 0.68 and α = 2.2×10−22GeV2. The minimum chi-square is 983 with dof = 853.

Figure 8.7 shows the chi-square contours on α − sin2 θ plane. Compared to νµ − ντ
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Figure 8.7: Chi-square contours of neutrino decay case I

oscillation, the minimum chi-square is larger by 12, which corresponds to an exclusion

level 3.5 σ. This type of decay fits Super-K zenith angle distributions much better than

case I, however, compared to the standard oscillation, it is still unlikely to happen.

Table 8.2 summarizes the contributions to the chi-square differences from different cat-

egories of events. They more or less contribute to the chi-square difference in the same

way as the decoherence case. This is because both model produce similar observation ef-

fect although the physics behind them is very different. However, the case 2 of neutrino

decay fits SK data much better than the neutrino decoherence case. The chi-square differ-

ence from data bins is 7.2. The rest of the chi-square difference comes from the pull terms,

which is 4.8. Shown in Fig. 8.9, the decay model (case 2) has a wider pull term distribu-

tion. Figure 8.10 shows the term-by-term comparisons between the pulls of the standard

neutrino oscillation and the neutrino decay case 2. Again, the largest pull in the decay case
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Figure 8.8: Chi-square contours of neutrino decay case II

is the 14th one, which is the sample-by-sample normalization for PC+Upµ events.

8.2.2 Decay as a sub-dominant effect

As we see from the comparisons between neutrino decay and neutrino oscillation, it is

unlikely that neutrino decay can account for the Super-K zenith angle distributions. How-

ever, this does not mean that neutrino decay is not happening at all — it may coexist with

neutrino oscillation. Treating neutrino decay as a sub-dominant effect, we can study the

allowed limit on neutrino decay which can provide quantitative guidance to models that

predict neutrino decay.

Equation 8.6 has both neutrino oscillation and neutrino decay effects included. Fitting

this formula against the Super-K zenith angle distributions, we can find the best param-

eters for both neutrino oscillation and neutrino decay parameters. In the 3-dimensional
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Table 8.2: Chi-square difference breakdown between the standard oscillation and the decay
case II model (∆χ2 = χ2

decayII − χ2
νµ−ντ

)
Data Samples Bins (SK-I+SK-II) χ2

decayII χ2
νµ−ντ

∆χ2

Single ring sub-GeV e-like 50+50 104.11 104.06 0.05
Single ring multi-GeV e-like 50+50 110.27 110.75 -0.49
Multi-ring multi-GeV CC e-like 50+50 85.28 85.76 -0.47
Single ring sub-GeV µ-like 50+50 105.28 106.11 -0.83
Single ring multi-GeV µ-like 30+30 65.40 66.79 -1.39
Multi-ring µ-like 40+40 79.06 75.49 3.57
NC-enhanced sub-GeV events 10+10 15.44 14.47 0.97
NC-enhanced multi-GeV events 40+40 102.00 104.51 -2.51
PC stopping µ 40+40 126.75 125.77 0.98
PC through-going µ 40+40 104.97 102.14 2.82
Upward stopping µ 10+10 16.92 14.08 2.84
Upward non-showering µ 10+10 18.30 16.86 1.44
Upward showering µ 10+10 26.18 25.97 0.20
TOTAL 430+430 959.96 952.77 7.19
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Figure 8.9: Comparison of pull terms of the νµ−ντ oscillation and the neutrino decay case
2
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parameter space spanned by α (0 < α < 3 × 10−23GeV2), sin2 θ and ∆m2, we find the

best-fit values are: α = 0, sin2 θ = 0.45 and ∆m2 = 2.4 × 10−3eV2. Super-K obviously

prefers zero amount of neutrino decay. Figure 8.11 shows the 2-dimension projection of

the 3-dimension chi-square function.

However, the 99% C.L. contour is not completely covered by the parameter space we

explored. Since we already know that α = 0 is the global minimum in the explored

parameter space using linear scale, we can now switch to logarithmic scale to explore

larger parameter space. After trying several rounds, we find the proper parameter space to

cover the complete 99% C.L. contour. Figure 8.12 shows the complete chi-square contours

in a much larger parameter space.

As we can see from the plot, there is actually a local minimum corresponding non-zero

neutrino decay. The local minimum is shown more clearly in the one dimension projection

of the chi-square function in Fig. 8.13. The parameter values at the local minimum are:

α = 4.5 × 10−22GeV2, sin2 θ = 0.7 and ∆m2 = 2.5 × 10−3eV2. We see that α = 0 is

indeed the global minimum and the ∆m2 at the local minimum is of the Super-K atmo-

spheric mass squared splitting scale. The existence of the non-zero local minimum is due to
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Figure 8.11: Chi-square contours of neutrino oscillation + neutrino decay in linear scale

the fact that Super-K has limited resolutions on neutrino energy and direction and limited

statistics around the first oscillation maximum. For models whose oscillation probabilities

have L/E dependence, the Super-K L/E analysis has more power to tell the details of

these L/E dependence, thus differentiate various models apart more clearly [143]. In the

framework of L/E analysis, this local minimum only appears at 99% C.L.

Despite the existence of the local minimum, we can set a limit on α at 99% C.L.:

α < 2.1 × 10−21GeV2.

8.3 Discussion

Although neutrino decoherence and neutrino decay have completely different physical ori-

gins, they produce similar effects — neutrinos vanishing instead of oscillating. In the case
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of neutrino decoherence, neutrinos indeed disappear due to the dissipative term D[ρ] in

Eq. 8.2. However, in the case of neutrino decay, neutrinos are not “disappearing”. They

decay into either particles which are detectable in our detector or another mass eigenstate

which is dominantly a sterile state and does not mix. The power to distinguish neutrino

decoherence and neutrino decay from neutrino oscillation mainly comes from the high en-

ergy and the long baseline events, which is understandable since both exotic effects have

dependences such as e−γL and e−αL/E .
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Chapter 9

Conclusion

Using Super-K atmospheric neutrino data, we compare the standard νµ − ντ oscillation

model with three types of non-standard ones: the νµ − νs oscillaton which is due to the

mass eigenstate mixing, neutrino oscillations induced by LIV and CPTV, and neutrino

vanishing caused by neutrino decoherence and neutrino decay. We find that the νµ − ντ

oscillation induced by mass eigenstate mixing is the best model accounting for the Super-K

atmospheric zenith angle distributions.

Furthermore, by treating these non-standard phenomena as sub-dominant effects in

addition to the standard νµ − ντ oscillation, we are able to constrain the limits of new

physics thus provide quantitive guidance to future studies in these fields. Owing to the

wide coverage of neutrino energy, neutrino pathlength and the matter density of Super-K

atmopheric neutrino events, most of the limits obtained in this dissertation are the best

currently available. Our study shows that neutrinon oscillation, as a natural interferometer,

is a powerful tool to probe new physics beyond the Standard Model.
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Appendix A

Outer Detector MC Tuning

Neutrino oscillation analysis of Super-K heavily depends on the comparsion between ob-

servation and Monte Carlo (MC) simulation. It is essential for us to have a reliable MC

which simulates the detector response well. As we mentioned in Chapter 3, the OD

functions mainly as a veto detector for cosmic ray muons so we can identify the events

happening inside or outside the detector and incoming cosmic ray muons. The accurate

performance of the OD simulation has not been an issue until we had the need to further

separate PC events into samples with different energies, driven mainly by the requirements

of L/E analysis [144, 102]. Statistically speaking, parent neutrinos of PC events which

penetrate the OD (through-going) intend to have higher energy than ones that stop in the

OD (stopping). This separation means better energy resolution for PC events.

In order to have a comparable MC simulation for the stopping and through-going

events, the OD MC performance needed to be improved. It is under this situation that

the work described in this chapter was carried out. The separation of PC through-going

and stopping events also helps the zenith angle analysis give tighter constraints on mass-

squared difference comparing with the binning adopted in the previous atmospheric neu-

trino analysis of Super-K [63].
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A.1 An overview of OD Monte Carlo simulation

As we described in Chapter 3, Super-K MC simulation consists of two parts: first neutrino

interactions are generated by NEUT then the final state particles are passed onto the detector

simulation apdetsim which simulates the detector responses. The signals are recorded

as time and charge information for every single PMT in the detector. Ideally, the simulated

signals should reproduce the observed signal. But before the tuning, shown in Fig. A.1 ,

it is clear that the OD charge distribution of actual data spreads much wider than MC and

follows a different shape. The total number of hits of MC in OD are significantly lower

than observation. Data and MC used here are cosmic ray muons stop in ID. The criteria

selecting those events will be presented in the next section.

One of the reasons that MC doesn’t agree with observation we find is due to the Gaus-

sian single photoelectron (SPE) distribution originally assumed for the OD PMTs. In

principle, the SPE distribution of a PMT with good signal-to-noise (S/N) level follows a

Poisson distribution and the Poisson distribution can be approximated by a Gaussian if the

mean value is large enough. The PMT used in the SK-I OD is Hamamatsu 8 inch R1408.

Figure A.2 shows the SPE pulse height distribution provided by Hamamatsu company.

Its peak-to-valley (P/V) ratio is not very good (note: the temperature of Super-K water is

around 12◦C). Another factor worth pointing out is that the OD tubes are also very much

aged — they are recycled from IMB experiment. The actual SPE spectrum is even worse,

see Fig. A.3. It shows the charge distribution of OD PMT #1101 from dark noise, which

is a good approximation of the SPE pulse distribution. Obviously, a Gaussian distribution

is not a good model for our OD tubes any more.

Realizing this problematic modeling of the SPE distribution used in the MC simulation,

we decide to replace it with an exponential distribution:
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Figure A.1: OD MC performance before this tuning. Upper two: charge distributions
inside/outside of the time window and; lower two: hit time and number of hits distributions
(dots are observation and solid histograms are MC)

p(x) = e−x/g/g, x > 0 .

Where x is the pulse height and g is the centroid of the distribution. The value of the

centroid is proportional to the gain of the PMT. Figure A.4 shows the distribution of OD

PMT centroids obtained by fitting all their charge distributions outside the signal window.

It follows a nice Gaussian distribution with mean (g0) of 0.5 and variance (σg) of 0.135,

which means the gains of the OD PMTs are well tuned to be close to one another. The g0
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Figure A.2: SPE pulse height distribution of Hamamatsu R1408

Figure A.3: Measured charge distribution of Hamamatsu R1408



120

Figure A.4: Distribution of centroids using exponential SPE distribution model (the con-
version factor to number of photoelectrons is around 2 in apdetsim)

value for OD tubes is fixed at 0.5 but its variance σg is a parameter in our simulation.

An exponential distribution are generated by:

x = −g ln(1 − r).

Where r is a random number between 0 and 1. Due to plateau near 0 in Fig., we

will make a small modification: the SPE spectrum is designed as a joint distribution of an

uniform distribution and an exponential. The joint point position is related to the threshold

and it will be an parameter in the MC simulation and we call it plateau.
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A.2 Tuning MC parameters

In order to tune the MC, we need some standard events which we can rely on. Cosmic ray

muons stopping in ID are “standard rulers” because we can measure their energies very

well using their pathlengths. Following criteria are used to select stopping muons events:

1. Using muboy [74] muon fitter to identify stopping muons and further require tight

cuts on goodness-of-fits:

• G.O.F. > 0.8: G.O.F. is the goodness-of-fit value which describes how well

the expected muon signal reproduce the observed one. Its detailed definition

can be found in Ref [74]

• fcone > 0.8: fcone is the fraction of charges inside the reconstructed muon

Cherenkov cone in ID. Its definition can be found in Ref. [74]

2. Pathlength in ID greater than 7m

3. Qtot (total photoelectron in ID) > 8000

4. dwall > 2m: stopping point from the nearest wall greater than 2m.

After reconstructing the stopping muon events, we simulate identical events with the same

entry points, directions, and stopping distances.

Now, we have a set of “standard rulers”. The next step is to choose the parameters

which need to be tuned. There are many OD MC parameters and most of them are corre-

lated. We decide to tune the following parameters:

1. plateau: the joint point of the flat distribution and the exponential distribution for

OD PMTs SPE spectrum, confined on [0, 0.5]
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2. σg: it describes the width of the OD PMT gain distribution scaled to an unit Gaussian

distribution. We start with 0.27 which is the current value1

3. σpedestal: the variance on the OD discriminator pedestal value. We assume

pedestal follows a Gaussian distribution. Setting the central value at zero for

MC is convenient but the width of the Gaussian depends on how well the discrimi-

nators are set to the same values.

4. threshold: the threshold value of OD discriminators, initially set at 0.3 p.e.

5. σsmear: noise smearing factor which is to simulate the noise between neighboring

channels. We assume it follow a Gaussian distribution of (1, σsmear).

After some trials of comparing MC and observation, we find the following set of parame-

ters with which MC simulation agrees with actual data to the best:

1. plateau=0.3

2. σg = 0.27

3. σpedestal = 0.12

4. threshold=0.55

5. σsmear = 0.5

With this set of parameters, together with the ones we keep the original values, the new

apdetsim simulation is shown in Fig. A.5 and Fig. A.6. The MC reproduces actual obser-

vation much better. The agreement on OD hits could be tuned better but that will make the

charge distribution agreement bad.

1For the purpose of convenience, we use a unit Gaussian distribution with a scale factor 0.5 to model the
centroid distribution of OD PMTs.
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simulation compared with observation
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Appendix B

PC Reduction Systematic Uncertainty

Systematic uncertainties of experiments are important in two respects: first, they are the

quantitative evaluations of the quality of the experiment; second, they play essential roles

in the accuracy of the measured quantities. As an example, I will describe and summerize

how we evaluate the systematic uncertainty on the PC reduction efficiency (εPC).

PC reduction is a set of cuts in a computer program used to separate the partially

contained neutrino events from the rest. Conceptually, PC reduction efficiency is defined

as follows:

εPC =
Nkept

Ntotal
.

Where Nkept is the number of PC events after PC reduction and Ntotal is the total number

of PC events in a Monte Carlo sample that should survive the reduction, namely, neutrino

interactions with particles that exit into the OD.

In this chapter, I will describe part of the work I did for Super-K I in detail: how

we evaluate the systematic uncertainty on reduction steps 1 (PC1) through 4 (PC4), i.e.
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δεPC1−4 . The total systematic uncertainty (δεPC) on the PC efficiency is the quadratic sum

of the uncertainties on all the reduction steps, PC1-5:

δεPC =
√
δ2εPC1−4

+ δ2εPC5
. (B.1)

B.1 Overview

PC reduction consists of 5 steps for Super-K I. The time and space information of hits in

ID and OD decide whether an event is PC or not. We record the cuts for the first 4 steps,

PC1-4, briefly here:

PC1:

• twidth: the distribution the time between two consequential hits

• nOD−cluster: number of OD hit clusters

PC2:

• n2nd−cluster: number of hits in the 2nd (ordered by number of hits in the cluster) OD

cluster

• nmin: number of hits in the first cluster or the rest of OD hits depending on which

one is smaller

• nouter: number of hits in the most charged OD cluster

• npe200 :number of photo-electrons within 2 meters in the corresponding ID area of

the most charged OD cluster



127

PC3:

• nehit8m: number of hits in OD within 8 meters of the back extrapolated entrance

point on OD wall

PC4:

• cosθfit−first: θfit−first is the angle between the fitted direction and the line connecting

the vertex and the first hit tube in the ID cluster

• mugood: the goodness value being a through-going muon

• mudistance: the distance it should travel in ID assuming as through-going muon

• dcorner :the distance from the fit vertex to the nearest ID corner

These cuts can be grouped into two categories: ID cuts and OD cuts. For ID cuts, we

evaluate the uncertainties one by one. The method for each cut is different and details

will be described later. Generally speaking, the common part is to check the cut value

distribution to see how much uncertainty could have been introduced due to non-perfect

agreement between MC and data. Data used are the PC events after the complete PC

reduction. There are totally 882 PC events in the sample we use here. For OD cuts, we

choose to shift the MC parameters to certain extremes and then exam the effect on the PC

reduction. The change on the number of kept PC events is considered as the uncertainty

due to OD-related cuts. Then, we have:

δεPC1−4 =

√√√√
n∑

i=1

δ2cut,i + δ
2
OD . (B.2)

Where δcut,i is the uncertainty on each ID cut and δODis the uncertainty on all the OD cuts.
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Figure B.1: Distributions of npe200 of the final PC sample. The circles are the final PC
sample; triangle are MC

B.2 Evaluation of ID cut uncertainties

There are 5 ID cuts: npe200, cos θfit−first, mugood, mudistance, and dcorner.

Cut npe200 is coupled with the OD cut nouter in the following way: if npe200 ! 1000 or

nouter " 6, then the event is considered as PC. Figure B.1 shows the distributions of final

PC samples of both data and MC.

Observing the distribution, we assume that below 2000 hits, npe200 follows an exponen-

tial distribution. So fitting both MC and observed data below 2000 using an exponential

function and checking the difference of those two integrals on [0, 1000], we conclude that

the systematic uncertainty of cut npe200 ! 1000 is 1%.

Figure B.2 shows the distributions of cut cos θfit−first ! −0.8. Assuming flat distri-

butions below −0.5 for both MC and observed data, the difference between them in the

rejected region, i.e. [−1,−0.8], is 5, thus the systematic uncertainty is 5/(5+882) is 0.6%.
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Figure B.2: cos θfit−first distributions of MC and observed data

Cuts mugood and mudistance are coupled together: if mugood< 0.85 or mudistance<

3000, events are kept as PC events. To evaluate the uncertainty, we examine the change

of number of events in the region defined by mugood! 0.85 and mudistance! 3000 when

we adjust the cut values to compensate for the difference between MC and observed data.

Figure B.3 shows the distribution of mugood with cut mudistance! 3000 of the final PC

data samples.

The average values of the cut mugood are 0.63 and 0.65 for observed data and MC

respectively. The difference is 3%. If we adjust the cut according to this difference, the

cut value will shift from 0.85 to 0.82. The shift on the cut value will change the number of

events in the final observed PC sample by 7. We thus assign the systematic uncertainty of

this combined cut of mugood and mudistance 7/882 = 0.8%.

Now, let us examine the cut dcorner. Figure B.4 shows the distributions of the final

PC samples of both MC and observation. The cut is dcorner > 150cm. We assume the
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Figure B.3: Distribution of mugood with mudistance! 3000
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distribution is linear over the range [0, 500] for both MC and observation. Fitting the dis-

tributions from 150cm to 500 cm using and extrapolating to rejected region, the difference

of MC and observation over the range [0, 150] is 5. Thus, the systematic uncertainty is

5/(882 + 5) = 0.6%.

B.3 The Uncertainty of OD cuts

We adopt a different approach for the evaluation of the OD cut uncertainty. The argument

is as follow: cut values are decided mainly based on MC simulations, so the uncertainties

are introduced in due to the imperfectness of the MC. If we explore the imperfectness of

the MC and the change produced by such imperfectness, we can evaluate the uncertainty

due to the MC. This uncertainty is the systematic uncertainty of the OD cuts.

Recall the chapter on OD MC simulation, see Fig. , we were aware of the fact that the

charge and the hit distributions are not simulated well simultaneously. We decided to pay

more attention to the reproduction of the charge distribution chose the parameters corre-

sponding to the better agreement on charge distributions. However, choosing to reproduce

the hit distribution better is an equally good set of MC parameters. This uncertainty can

be considered as the OD cut uncertainty.

The parameters we choose to tune are:

• Collection efficiency of OD PMTs: 0.22(0.005)

• Threshold of OD discriminator: 0.55(0.01)

• Reflectivity of OD Tyvek: 0.80(0.01)

The values in parentheses are the steps each time we choose a new set of parameters.
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Figure B.5: Distributions produced by another set of MC parameters

After trying several trials, we achieved the distributions shown in Fig. B.5. This set of

MC parameters reproduces the OD hit distribution better comparing with the official set of

parameters which reproduces the OD charge distribution better.

Using this set of parameters, we regenerate 10 years of MC events and let them go

through PC reduction steps 1 through 4. The PC efficiency based on this new set of pa-

rameters is 85.9%. Comparing with the efficiency using the official parameter in the OD

tuning chapter, 87.3%, we assign 1.4% as the systematic uncertainty produced by all the

OD cuts from reduction steps from 1 to 4.

B.4 Summary

Systematic uncertainties are important knowledge of experiment systems. Though its con-

cept is simple, there is no standard ways evaluating them. Using different approaches, we

evaluated the systematic uncertainties of different PC reduction cuts for PC1 through 4.

According to Eq. B.2, the uncertainty introduced into the PC reduction efficiency εPC1−4

during steps PC1 through 4 is:

δεPC1−4 =

√√√√
n∑

i=1

δ2cut,i + δ
2
OD = 1.5% .



133

The cuts in PC5 are all ID-related and following similar methods described in Sec. B.2,

the uncertainty is found to be 2.4%.

In summary, according to Eq. B.1, the systematic uncertainty of PC reduction effi-

ciency is,

δεPC =
√
δ2εPC1−4

+ δ2εPC5
= 3.2% .
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